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ABSTRACT 


A  covariant  quantization  of  the  electromagnetic 
field  in  the  Hilbert  space  with  indefinite  metric  is 
studied.  There  are  two  cases  which  enable  us  to  take  the 
view-point  of  the  particle  picture,  for  example,  to  show  the 
existence  of  the  three-dimensional  Fourier  transforms  for 
Aln(x) . 

y 

Each  case  is  investigated  in  connection  with  the 
Goldstone  theorem  and  the  Higgs  phenomenon  using  the  Higgs 
Lagrangian.  A  universal  form  of  the  generators  for  the 
gauge  transformations  is  found.  Moreover,  it  is  shown  that 
spontaneous  breakdown  of  the  global  gauge  transformation 
occurs,  regardless  of  the  charged  fields  which  interact 
with  the  electromagnetic  field  through  the  minimal  coupling. 

It  is  shown  that  certain  conditions  on  the 
c-number  functions  appearing  in  conserved  currents 
restrict  the  spectral  representation  for  <  [<J> .  (x)  ,  J  (y )  ]>  , 
where  <J>^(x)  represents  a  spinless  field.  It  is  shown  that 
the  Goldstone  theorem  does  not  always  apply  when  conserved 
currents  involve  c-number  functions. 
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NOTATION 


The  following  conventions  and  notation  are  used  in 
this  article. 

The  Lorentz  sufficies  are  indicated  by  Greek  letters 
which  run  from  0  to  3,  and  the  Latin  letters  which  run  from  1 
to  3  stand  for  the  space  components.  In  the  covariant 
calculation,  the  metric 


g 


oo 


for  i=l,2,3 


g 


0 


for  p^v 


will  be  used.  We  designate 


xy  =  (x°,x)  =  (t,x) 


and 


v 


(t ,-x) 


The  unit  time-like  vector  n  is  defined  by 

P 


n  >  0 


o 


The  notation  3  implies 

P 


v 


and  the  space-like  derivative  3  is  defined  by 

p ,  s 


3 


where 
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(n3)  =  n^B 


The  symbol  3  appears  in  the  combination 


fB  g  =  3  f*g  -  fB  g 
y  &  y& 


We  define  a  four-vector  differential  surface  area  as 


da^  =  (dx^dx^dx^  ,dx^dx^dx°  ,dx^dx°dx^  ,dx°dx^dx^  ) 


The  symbol  <  stands  for  the  vacuum  expectation  value. 

We  use  t  for  hermitean  conjugate  and  *  for  complex  conjugation, 
The  notation 


•  _  df  _  df 


dt  .  o 
dx 


will  sometimes  be  used.  The  abbreviation  h.c.  and  c.c.  are 
used,  respectively,  for  hermitean  and  complex  conjugation. 

Finally,  we  use  natural  units  throughout  this 
article,  in  which 


Jh  =  c  =  1 


x 


* 
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CHAPTER  I 


INTRODUCTION 

This  chapter  is  devoted  to  (1)  a  statement  of  the 
problems,  and  (2)  an  outline  of  the  following  chapters. 

( 1 )  The  Statement  of  the  Problems 

We  shall  state  the  main  problems  to  be  dealt  with 
in  the  following  chapters  and  explain  them  separately. 

(i)  Is  the  covariant  quantization  of  the  electromagnetic 
field  possible? 

Mathews  et  al.  (197*0  proved  that  a  covariant 
quantization  of  the  electromagnetic  field  must  be  formulated 
in  an  indefinite-metric  Hilbert  space.  There  appears  the 
negative  norm  in  the  quantization  in  the  Hilbert  space  with  an 
indefinite  metric.  This  fact  makes  the  probability  interpreta¬ 
tion  difficult.  However,  by  introducing  a  certain  covariant 
subsidiary  condition,  we  may  avoid  this  difficulty.  Strocchi 
(1964)  proved  that  the  subsidiary  condition  was  indispensable 
for  the  covariant  quantization  in  the  Hilbert  space  with  an 
indefinite  metric. 

Nakanishi  (1966)  proposed  a  method  for  the  covariant 
quantization  for  the  electromagnetic  field  by  introducing  the 
auxiliary  scalar  field  B(x).  His  formalism  consists  of  the 
following  elements : 
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(a)  Hilbert  space  with  an  indefinite  metric, 

(b)  the  auxiliary  field  B(x), 

(c)  the  covariant  subsidiary  condition  which  defines 
the  physical  states  |phys>; 

| phys>  =  0  , 

where  the  symbol  (+)  stands  for  the  positive 
frequency  part  of  the  field.  Here,  the  physical 
state  is  subject  to  the  probability  interpretation. 


His  theory  is  satisfactory  in  the  sense  that  it  removes  most 
of  the  well-known  difficulties  (for  example,  the  difficulties 
of  the  positive  definiteness  for  the  Hamiltonian,  normalization 
of  the  state  vectors,  unitarity  of  the  S-matrix,  the  manifest 
covariance  of  the  theory).  However,  due  to  the  existence  of 
the  pathological  function  E(x)  in  his  theory,  the  particle 
picture  does  not  apply  in  the  usual  sense.  Is  there  any 
method  to  avoid  this  difficulty?  We  shall  accomplish  this 
as  follows. 

We  shall  adopt  (a),  (b)  and  (c)  and  choose  the  gauge 
parameter  a  in  such  a  fashion  that  the  pathological  function 
E(x)  disappears  from  some  of  the  covariant  commutators.  In 
this  way,  we  can  take  the  view-point  of  the  particle  picture. 


(ii)  Is  there  a  universal  form  of  the  generators  associated 


with  the  gauge  transformations? 


■ 
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When  we  introduce  the  electromagnetic  interaction 
with  the  minimal  coupling,  the  generators  for  the  gauge 
transformations  can  be  written  in  a  universal  form  regardless 
of  the  charged  fields  employed.  This  implies  that  the 
discussion  associated  with  the  gauge  transformations  has 
universality  independently  of  the  detailed  structures  for  the 
charged  fields. 

(iii)  What  is  the  applicability  of  the  Goldstone  theorem? 

It  is  well-known  that  the  Goldstone  theorem  has  been 
proved  only  for  the  case  of  conserved  q-number  currents 
(Goldstone,  Salam,  Weinberg,  1962).  Is  it  applicable  when  the 
conserved  currents  involve  c-number  functions?  As  an  example 
of  such  cases,  if  we  apply  the  theorem  to  the  local  gauge 
transformation,  the  spontaneous  breakdown  of  the  local  gauge 
transformation  must  occur  and  there  exists  a  Goldstone  boson 
which  yields  the  degeneracy  of  the  vacuum.  However,  as  will 
be  seen  in  Chapter  III,  the  state  GI^[A]|o>  is  not  the  vacuum 
state.  In  spite  of  the  existence  of  the  massless  particle, 
the  discussion  of  the  local  gauge  transformation  cannot  say 
anything  about  the  degeneracy  of  the  vacuum.  Moreover,  we 
will  arrive  at  the  result  that  when  conserved  current  J 

y 

involving  c-number  functions  has  a  specific  form,  there  can 
exist  a  massive  particle  in  the  system.  These  results  imply 
that  the  Goldstone  theorem  must  be  extended  to  more  general 
cases  in  which  conserved  currents  involve  c-number  functions. 


. 
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( 2 )  Outline  of  the  Following  Chapters 

In  Chapter  II,  we  introduce  the  electromagnetic 
interaction  with  the  minimal  coupling.  The  total  Lagrangian 
is  shown  to  be  invariant  under  the  local  guage  transformations. 
It  is  shown  that  we  can  take  the  stand-point  of  the  particle 
picture  only  when  either 

(d)  a  =  ,  if  m=0,  or 

(e)  a  =  0,  if  m/0 

Here,  m  and  are,  respectively,  the  physical  mass  and 
renormalization  constant.  In  particular,  case  (e)  implies 
that  if  the  physical  mass  for  is  non-zero,  we  must  choose 
the  Landau  gauge  (a=0)  (Takahashi,  Goto,  1976). 

In  Chapter  III,  we  shall  investigate  the  limit  in 
which  the  bare  charge  is  put  equal  to  zero  in  the  discussion 
of  Chapter  II.  In  this  limit,  it  is  shown  that  the  case  (e) 
will  not  happen  but  only  the  case  (d)  will  occur. 

The  latter  case  is  nothing  but  the  Gupta-Bleuler 
formalism  in  the  Fermi  gauge  (a=l)  (Gupta  1950,  Bleuler  1950). 

In  Chapter  IV,  we  take  the  Higgs  Lagrangian  to 
investigate,  from  the  view-point  of  the  particle  picture, 
under  what  situation  A  becomes  massless  or  massive. 

u 

In  Chapter  V,  with  the  help  of  the  equation  of  motion 
for  the  electromagnetic  field,  we  shall  rewrite  the  generators 
for  the  gauge  transformation  in  a  universal  form.  Using  this 
universal  form,  we  shall  discuss  the  group  properties  for  the 


. 
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gauge  transformation.  Furthermore,  we  derive  the  commutator 
of  the  total  Hamiltonian  and  the  generator  which  will  be  used 
in  Chapter  VII  for  the  discussion  of  the  Goldstone  theorem 
concerning  the  gauge  transformation. 

In  Chapter  VI,  by  applying  the  Goldstone  theorem 
to  the  global  gauge  transformation,  its  spontaneous  breakdown 
occurs  regardless  of  the  charged  fields  employed.  Furthermore, 
we  shall  investigate  a  role  of  the  subsidiary  condition  in 
case  of  the  Higgs  Lagrangian  and  see  explicitly  the  way  in 
which  the  Goldstone  bosons  appear. 

In  Chapter  VII,  it  is  shown  that  certain  conditions 
on  the  c-number  functions  appearing  in  conserved  currents  J 

i* 

restrict  the  spectral  representation  for  <[<f>^(x)  ,  J  (y )  ]>Q 
where  <Jk(x)  represents  a  spinless  field.  Moreover,  the 
question  as  to  whether  or  not  the  Goldstone  theorem  applies 
when  conserved  currents  involve  c-number  functions  is 


investigated . 
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CHAPTER  II 


ELECTROMAGNETIC  INTERACTION 

( 1 )  The  Lagranglan  with  the  Minimal  Coupling 
We  write  the  free  Lagranglan  as 


Lfree  =  LE.M.  +  Matter  (2-X) 

where  L^  M  is 

E  .M. 

given  by 

le.m. 

=  FMVP  +  aB2  +  B3MA  ,  (2.2) 

yv  y  5 

and  L  , ,  is 

matter 

the  free  Lagrangian  for  the  charged  matter 

field. 

In  what  follows,  we  assume  that  the  interaction  is 
introduced  by  the  following  replacement  in  ^matter: 


for  the  scalar 

field 

3  <j> 

y 

->  (3  -  ieA  )  0 

y  y 

(2.3) 

+ 

3  <p  1 
y 

+  (3^  +  ieA^)(pf 

for  the  spinor 

field 

3  \l> 
y 

->  (  3  -  ieA  )i l> 

y  v  (2.4) 

ifj  •  3 

y 

for  the  spinor 

field  with  the  pseudovector  coupling 

6 


7 


3  ip  -> 

yr 

(  3  - 

y 

ieycA  )  ip 
'5  y  Y 

- 

-  *f* 

ijj  3  -> 

y 

y 

-  iey^A  ) 
5  y 

Ihe  interactions  induced  by  the  above  replacement  will  be 
called  "minimal  coupling".^ 

The  total  Lagrangian  can  then  be  written  as 


L  = 


■h 


FyVF 


yv 


B3yA 


y 


a 

2 


B  +  L 


matter 


+  L.  , 
mt 


(2.6) 


In  this  case ,  the  charged  current  can  be  written  as 


4y 


(x) 


3L.  , 
int 

3  A  (x ) 

y 


(2.7) 


and  it  is  conserved,  i.e. 


9Mjy(x)  =  0 


(2.8) 


(2)  Gauge  Transformations 

The  Lagrangian  (2.6)  is  invariant  under  the  local 
gauge  transformations 


B  ( x )  -*  B  ’  (x) 

Ay  ( x )  +  Ay  ( x ) 


B  ( x ) 

A  (x)  +  3  A(x) 

M  M 


(2.9) 

(2.10) 


Originally,  the  minimal  coupling  guarantees  that  the 
charged  particles  move  under  the  Lorentz  force.  However, 
here,  the  terminology  "minimal  coupling"  is  used  in  the 
broad  sense  that  it  includes  the  replacement  (2.5)  as  well 
as  (2.3)  and  (2.4). 


■ 
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and  for  the  scalar  field 

<f>(x)  +  <(> '  (x)  =  eleA(x)<t>(x) 

(2.11) 

f(x)  -  f '(x)  =  e-ieA(xh+(x)  , 
for  the  spinor  field 


<Mx)  ■*  ^  *  ( x )  =  eleA(x)4j(x) 

♦  (X)  ->  ^'(x)  =  e“leA^x^(x) 


(2.12) 


for  the  spinor  field  with  the  pseudovector  coupling 

iey  A(x) 

ip(x)  +  \p '  (x)  =  e  D  ip ( x ) 

iey  A(x) 

4>(x)  +  ifj  (x)  =  ip(x)e  ^ 


(2.13) 


provided  that  the  c-number  gauge  function  A(x)  satisfies  the 
massless  Klein-Gordon  equation.  In  particular,  the 
transformation  (2.9),  (2.10)  and  (2.13)  a re  called  the 
chiral  gauge  transformation.  When  A= 0=constant ,  the  above 
transformations  are  termed  the  global  gauge  transformations. 

( 3 )  Canonical  Quantization 

From  (2.6)  and  (2.7)  the  electromagnetic  field 
equations  are 

□A  -  3  3VA  -  3  B  =  j  (2.14) 

y  y  v  y  d  y 

and  3^A  +  aB  =  0  ,  (2.15) 

r* 

It  follows  from  these  equations  that 


. 
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□A  -  (l-a)a  B  =  j 

y  y  Jy 

Equation  (2.14)  with  (2.8)  implies  that 


(2.16) 


□  B  =  0 


The  canonical  momenta  conjugate  to  are 


n 


o  _  3L 


9Ao 


=  B 


n 


k  _  3L 


=  F 


3A 


ok 


k 


(2.17) 


(2.18) 

(2.19) 


and  the  canonical  momenta  conjugate  to  the  charged  fields 
t 

<J>^3  <J>^  are  respectively. 


i  _  3L 
*  = 


TT 


it  _  9L 


•  t 

3<j). 


(2.20) 

(2.21) 


where  <|k  represents  the  charged  field  regardless  of  its 
statistics.  They  satisfy  the  equal  time  commutators, 

[Ay(x) ,nv(y) ]6(xo-yQ)  =  16yv6 ^ 4 ^ ( x-y )  ,  (2.22) 

[  (j)  ±  ( x )  ,  TT  j  (y )  ]6  (xQ-yo)  =  EtJ(x)  ,tt!"  (y)]6(xo-y0)  = 

16  .  .6^  (x-y)  ,  (2.23) 

J 


and  all  others  are  zero. 


a 


' 

■ 
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The  relation  (2.22)  can  also  be  written  as 


[Ay(x)  ,A^(y)]<5(xo-yo)  =  0 


(4) 


[Au(x)JAJ,(y)]S(xo-yo)  =  i^^'-'Cx-y) 


[Ak(x),Ajl(y)]<S(Xo-y0)  =  0 


(4) 


[Ay(x)  5B(y)]6(xQ-yo)  =  i6^Q5v  ;(x-y), 
[Ak(x)  ,B(y )  ]6  (xQ-yo)  =  i3*6^(x-y)  , 


o  v  o 


[B(x) ,B(y)]6(xo-yo)  =  0 


(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 


Due  to  the  fact  that  j  (x)  can  be  written  only  in  terms  of 

t  t 

canonical  variables  <t>.  ,  <f>.,  tt.  and  tt  .  .we  have 

i  j  l  j 


[B(x) ,jQ(y ) ]6 (x0-yQ)  =  0 


(2.30) 


Since,  from  the  field  equations  (2.14)  and  (2.15),  we  have 


and 


3 

Ao  "  k=l  3kAk  "  OB 

®  =  5  3kAk  -  &Ao  -  Jo 

k=l 


(2.31) 


(2.32) 


It  follows  that 


[B(x),B(y)]<5(x0-y0)  =  0 


(2.33) 


It  is  also  possible  to  derive  at  xQ=yo 

[B(x)  .  (y)  ]  =  [-j  (x)  ,<p .  (y)]  =  -e<J)  .  (y)6  (x-y) 

J  o  j  j  ~  ~ 

for  scalar  and  spinor  fields, 

=  -ey  ^(x)6(x-y)  for  the  spinor  with  pseudovector 
coupling . 


(2.34) 


. 


' 
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On  using  the  field  equations  and  the  equal  time 
commutators  obtained  above,  some  of  the  commutation  relations 
can  be  written  in  the  covariant  form  (Nakanishi  1967,  1973, 
1975) : 


[B ( x ) ,B(y ) ]  =  0 


[Ay(x) ,B(y ) ]  =  -[B(x) ,Ay (y) ]  =  -i8*D(x-y) 

[B(x) , jy(y) ]  =  0 

[B(x)  ,  4>  ( y )  ]  =  e6(y)D(x-y) 

[B(x)  ,0+(y )  ]  =  -e<J>(y  )D(x-y ) 

for  the  scalar  fields, 

[B(x)  , ^ ( y )  ]  =  eiKy)D(x-y) 

[B ( x )  ,i^  (y )  ]  =  -eip(y  )D(x~y  ) 

for  the  spinor  fields. 


[B(x)  ,^(y )  ]  =  -eyj-iKy  )D(x-y ) 

[B(x),iRy)]  =  -e4>(y  )y^D(  x-y ) 

for  the  spinor  fields  with 
the  pseudovector  coupling. 


(2.35) 

(2.36) 

(2.37) 

(2.38) 


(2.39) 


(2.40) 


( ^ )  Subsidiary  Condition  and  Singularities  in  the  Spectral 
Representation 

We  demand  that  all  physical  states  must  satisfy  the 
subsidiary  condition 


(x) | phys  > 


0 


(2.41) 


. 


' 
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This  ensures  that  the  expectation  value  of  (2.14)  with 
respect  to  the  physical  states  reduces  to  the  Maxwell 
equation.  Since  the  vacuum  is  a  physical  state,  we  have 

B(+) (x) | 0>  =  0  (2.42) 

Now  let  us  consider  the  spectral  representation  of  the 
vacuum  expectation  value  for  the  commutator  [A  (x),A  (y)]. 

r4  v 

The  spectral  representation  for  <[A  (x) ,A^(y ) ]>Q  is  written 
as 

oo 

<  [Ay  ( x )  s  A^  (y  )  ]  >Q  =  -i  /  dK2p1(K^)g^ivA(x-y  :k2) 

oo  ° 

-i  /  dK2p2(K2) 3^3^A(x~y :k2)  (2.43) 

o  M 

Differentiating  both  sides  of  (2.43)  with  respect  to  x^  and 
using  (2.15)  and  (2.36),  we  have 

OO 

-ia3*D(x-y)  =  -i  /  dK2(p_L(K2)  -  k2 p2  ( k2  ))3*A  ( x-y  : k 2  ) 

o 

Since  this  relation  holds  for  any  x  and  y,  we  obtain 

P-^(k2)  -  k2p2(k2)  =  cx6(k2)  (2.44) 

On  the  other  hand,  if  we  set  y=k,  v=£  in  (2.43)  and 
differentiate  with  respect  to  yQ  and  put  yo=xQ,  we  obtain 

OO 

/  dK2  Pl(K2)  =  1  (2.i)5) 


o 


. 


oo 
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and  /  dK2  p2(k2)  =  0 

o 

If  we  assume 

P^k2)  =  Z^6(K^-m^)  +  q(k2) 

2  2  ? 
where  cj(k  )  =  0,  for  k  scm 

2  2 

positive  for  k  >m  , 
we  have,  from  equations  (2.45)  and  (2.47), 

OO 

Z3  =  1  -  /  dK2  o ( k 2 )  , 

b 

b  >  m2 


(2.46) 


(2.47) 


(2.48) 


(2.49) 


Moreover,  from  (2.44)  and  (2.47)  we  obtain 

Z  2 

P2(k2)  =  -K6  (k  2 )  -  ~6(k2)  +  -|8(K2-m2)  +  ,  (2.50) 

where  K  is  a  real  constant  to  be  determined  from  (2.46).  We 
notice  that  there  are  strong  singularities  in  the  second  and 
third  terms  with  m=0  which  destroy  the  particle  picture. 

We  can,  however,  remove  these  singularities  by  setting 
(i)  a  =  Z  if  m=0 

3  (2.51) 

(ii)  a  =  0  if  m^O 

Now  let  us  discuss  each  case  separately. 

(i)  a  =  Z^,  m=0,  whence  and  p2  become 


14 


p|°'>(k2)  =  Z^6(k2)  +  q(k^)  and 
P<0)(<2)  -  -Ko6(k2)  +  ^  . 

K 


(2.52) 

(2.53) 


Due  to  equation  (2.46),  K  becomes 


K  =  /  dtc2  ,  (b>0 ) 

2 


K 


(2.54) 


where  the  symbol  "o"  of  Kq  ,  and  Po°^  imply  K,  P^  and  P2 


for  m=0 . 


Thus  we  arrive  at  the  spectral  representation 


00 


<  [A.,(x)  >A  (y )]  >  =  -i  gmlZ,D(x-y)  +  i(Dvgm)-3^h  /  tfK 


y 


v 


o 


5yv  3 


x  yv  y  v 


2 

a(^K2-(A(x-y  :k2)  -  D(x-y))  ,  (b>0) 


(2.55) 


K 


(ii)  a=0,  m^Oj  whence  p^  and  p2  become 


pim)(K2)  =  Z3  6(K2-m2)  +  a (k 2 ) 


(2.56) 


and 


p(m)(K2)  =  -Kra«(K2)  +  — (K2-m2 )  +  .(2.57) 


where  the  symbol  "m"  of  K  .  p^m),  is  associated  with 

the  quantities  with  m^O.  From  equation  (2.46),  we  obtain 


00 


K  =  -| 


m 


+  /  dK 


2  p(k  ) 


(b ' >m  ) 


(2.58) 


m 


K 


Thus,  the  spectral  representation  is 
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<[ApU)  >Av(y)]>0  =  “iZ3(Syv+m  2ay3y)A(x-y  :m2) 

Z,  "  . 

+  1  —  88  D(x-y)  +  i(g  □—88)  j  dK  — — ~ 
2  \i  v  °  toyv  x  y  v  ;  5 


m 


b 


K 


2 


X  ( A ( x-y  :  k  )  -  D(x-y)) 


(2.59) 


It  should  be  emphasized  that  the  above  argument 
does  not  imply  the  existence  of  a  massive  vector  field,  but 
restricts  the  form  of  the  commutation  relation  when  m^O. 

It  is  very  interesting  to  see  how  the  massive 
mode  is  created  in  quantum  electrodynamics .  We  investigate 
this  problem  in  connection  with  a  Higgs  phenomenon  in  a 
later  chapter. 


I  Jj  •  •  • 


. 


CHAPTER  III 


FREE  ELECTROMAGNETIC  FIELD 


In  order  to  discuss  the  quantization  of  the  free 
electromagnetic  field,  we  consider  the  case  of  j^=0  in  the 
argument  given  in  Chapter  II  and  see  what  mode  of  A^  will 
exist . 


( 1 )  Spectral  Functions  in  the  Limit  of  e=0  1 

In  the  limit  e=0,  the  field  equation  (2.16)  becomes 


□A  (x)  -  (l-a)9  B(x)  =  0 
y  y 


(3.D 


On  operating  □  and  □  on  the  commutator  (2.43)  and  using 

x  y 

(3.1)  and  (2.35),  we  obtain  a  further  restriction  on  and 

p2; 

oo 

2  4  2  2 

0  =  /  dK  •  K  P]l(k  )g  A(x-y  :k  ) 

o 

00 

+  /  dK2  • p2(k2) 9^9^A(x-y :k2) 
o 


Hence,  we  have 


K ^  P-,  (K2)  =  0 


and 


1 

’2 


id  Po(k2)  =  0 


(3-2) 

(3-3) 


From  equation  (3.3),  we  have 


k2p2(k^)  =  (l-a)6(K2) 


(3.4) 


- - 

This  procedure  does  apply  when  the  perturbative  solutions 
exist. 


■ 
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2 

hence  p^(k  )  has  a  strong  singularity.  To  remove  this,  we 
put  a=l  which  implies  that 


a  =  Z3  =  1 
m  =  0  , 

q(k2)  =  0 

Then,  from  equations  (2.44),  (2.45),  (2.46), 
we  obtain 

P1(k2)  =  <5(k2) 

P2(k2)  =  0 


(3.5) 

(3.4)  and  (3.5), 


(3.6) 


Thus ,  we  have 

CAp(x) ,Av(y)]  =  -igyvD(x-y)  ,  (3.7) 

and  [B ( x ) ,B(y)]  =0  (3.8) 

[Ay (x),B(y)]  =  -  [B ( x) ,A^ (y ) ]  =  -i9*D(x-y)  (3-9) 

Field  equations  become 

□  A  (x)  =  0  (3-10) 

y 

3yA  (x)  +  B  =  0  (3-11) 

y 

and  OB  =  0  .  (3.12) 


Here  we  have  seen  that  in  the  limit  of  e=0,  the  system  can  be 
characterized  by  a=Z3=l  and  m=0  which  is  a  special  case  of  (i), 
and  the  massive  mode  never  appears.  This  is  nothing  but  the 
free  electromagnetic  field  in  the  Fermi  (or  Feynman)  gauge. 


■ 
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( 2 )  Subsidiary  Condition 

The  subsidiary  condition  (2.-41)  becomes 

( 3yAy) |phys>  =  0  ,  (3-13) 

where  (+)  is  the  positive  frequency  part.  Therefore,  from  the 

above  argument,  the  theory  in  the  Fermi  gauge  reduces  itself 

to  the  Gupta-Bleuler  formalism.  Since  A  satisfies  the 

y 

massless  Klein-Gordon  equation  (3.10),  A  can  be  expressed 

y 

by  3-dimensional  momentum  space  representation  in  a  usual 
manner . 


(3)  Momentum  Representation 


We  shall  express  the  commutators  (3.7),  (3.8)  and 
(3*9)  in  momentum  space. 

From  equation  (3.10)  we  may  write  A  (x)  as 


Vx)  E 


1 


3 

2  / 


d3k 


- 57?  “  1  -7=7=7  e(A)(k)[a,  (k)e  lkx  +  h.c.],(3.l4) 

(2lr)J/k  X=0  /2|k|  u  '  A  ~ 


(  A )  + 

where  e^  are  the  polarization  vectors. 


B  (  X  )  5 


Similarly  B(x)  can  be  written  as 
1  d3P 

f  ~  r  (b(p)e  ipx  +  h.c.)  ,  (3.15) 


(2tt) 


375  1 /T\ 


P 


whence  equation  (3-11)  becomes  in  momentum  space 


b (k )  =  i | k | ( a  (k )  -  a~(k)) 

~  ~  (J  ^  Jj  ~ 


(3.16) 


t 


The  definition  of  e 


TXT 

y 


is  given  in  Appendix 


(A-ii) . 


' 


. 


. 
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and  commutators  (3.7)  a  (3.8)  and  (3-9)  become 
[b (k) ,b  +  (k 1  )  ]  =  [b (k) ,b (k  '  )  ]  =  [b  +  (k ) ,b  +  (k' ) ]  =  0 

~  <V  <V  «v  'v 

[aA(k) ,aj, (k1 )]  =  -gAX , 6 ^ 3 ) (k-k' )  , 

and  [aA(k)  ,b  +  (k' )]  =  i  |  k  |  6  (k-k '  )  (goA-gjA ) 


(3.17) 

(3.18) 

(3-19) 


The  subsidiary  condition  (2.4l)  becomes 


b (p ) | phys  >  =  0 


for  any  p 


(3-20) 


CHAPTER  IV 


HIGGS  LAGRANGIAN 

In  this  Chapter  we  take  the  Higgs  Lagrangian  to 
investigate,  from  the  view-point  of  the  particle  picture, 
under  what  situation  A  becomes  massive.  Moreover,  a 
covariant  treatment  of  the  Higgs  phenomenon  is  given. 

( 1 )  Canonical  Quantization  and  Commutation  Relations 
We  employ  the  Lagrangian 

L  =  L„  M  +  L .  ,  (4.1) 

E  .M.  <p 

where 

=  (9P  +  ieAy  )(f>  (  9^  -  ieA^  )  <J>  -  u<|)  6  -  4>  \  )  2 

(4.2) 

We  assume  that  the  constant  u  is  real  and  X  satisfies 


A  >  0  (4.3) 

Field  equations  are 

9yA  +  aB  =  0  ,  (4.4) 

y 

□  A  -  ( 1-a )  9  B  =  j  ,  (4.5) 

r*  r* 

□B  =  0  ,  (4.6) 

n  cp  -  ie 9  *  6  -  2ieAlJ  •  9  4>  -  e  A  A^*(j>  +  ucj) 

LJ  Y  y  y  y 

+  )  =  0  ,  (4.7) 


20 
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where 

9L 

j  =  -  — -  =  -ie[<j>’9  d>  -  9  4)t‘4>]  -  2e  4>  +  4> •  A  .  (4.8) 

M  3A^*  k  M  M 


Obviously  the  current  is  conserved.  Following  the  general 
argument  given  in  Chapter  II,  we  obtain 


TT 


7T 


T 


9L 


_ 


94> 
9L 


+ 


$  


9<j) 


t 


=  <j)  - 


t 

ieA  •  cj) 
o 

ieA  •  d> 
o  T 


(4.9) 

(4.10) 


and  the  equal  time  commutators  for  scalar  fields  are 

[<|>(x)  ,7T(y )  ]  =  O1*  (x)  ,ir  +  (y )  ]  =  i63(x-y)  for  xQ=yo  ,  (4.11) 


and  all  others  are  zero. 

For  further  discussion,  it  is  convenient  to  set 


/2<J>(x)  =  v  +  iKx)  +  ix(x) 


(4.12) 


where 


for  u^O 

for  u<0 


(4.13) 


and  4)  and  x  are  assumed  to  be  Hermitian  with  the  vanishing 
vacuum  expectation  value,  i.e., 

<\b  ( x )  >  =  <x(x)>  =  0  for  arbitrary  x  .  (4.14) 

r  \  /  O  A  O 


By  substituting  (4.12)  into  (2.38),  we  have 


' 
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[B(x),iKy)]  =  iex(y)D(x-y)  ,  (4.15) 

[B(x),x(y)]  =  -i(M  +  e\p(  y))D(x-y)  ,  (4.16) 

where  M  =  ev  (4.17) 

With  the  aid  of  (4.14),  the  vacuum  expectation  values  of 


(4.15)  and  (4.16)  are  given  by 

<  [B  ( x )  }ip(y )  ]>q  =  0  ,  (4.18) 

<[B(x) ,x(y)]>Q  =  -iMD(x-y)  .  (4.19) 

Furthermore,  as  will  be  derived  in  Appendix (C-i ), we  have 

<[Ay(x),4>(y)]>o  =  -aM9*E(x-y)  ,  (4.20) 

which  can  be  written  in  terms  of  x  and  ^  as 

<[A|j(x),x(y)]>0  =  iaM8*E(x-y)  ,  (4.21) 

<[Ap(x)  ,i|/(y)]>o  =  0  ,  (4.22) 


where  use  has  been  made  of  the  property  of  the  function 
E(x),  i.e.,  the  reality  of  E(x).*^ 

( 2 )  Asymptotic  Limit  and  Particle  Picture 

When  we  take  the  limit  xq  the  Heisenberg 

fields  behave  asymptotically  as 

T 


The  derivation  of  equation  (4.20)  is  seen  in  Appendix  (C-i). 
The  definition  of  the  function  E(x)  is  given  in  Appendix 
(A-i) . 


N 


. 


rl 
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A  (x) 
11 

-  yo)(x) 

,  B  ( x )  +  B(o)(x)  =  B  ( x ) 

M 

X(x) 

-*•  X^°4x) 

,  iIj(x)  +  (x) 

(4.23) 

Since  (o)-fields  contribute  only  to  the  discrete  spectra, 
the  following  commutation  relations  are  concluded  from 
(2.55),  (2.59),  (2.37),  (2.36),  (4.21),  (4.22),  (4.19)  and 


(4.18); 

[Ay0) (x) ,A^0) (y ) 1  =  -igyvZ3D(x-y)  for  a=Z3,m=0  (4.24) 

=  -iZ3(gyv  +  m"28jV)A(x-y  :m2) 

+iZ^m  28X8xD(x-y)  for  a=0,m^0  (4.25) 

■j  y  ^ 

[A^o)(x),B(o)(y)]  =  -i8XD(x-y)  (4.26) 

[A^°^(x),x('0^(y)]  =  iotM8XE(  x-y )  (4.27) 

y  y 

[A(o)(x),!(.(o)(y)'j  =  C  (4.23) 

r1 

[B ( ° ) ( x ) ,B(o)(y)]  =  0  (4.29) 

[B^°  A  x)  ,x^°hy )  ]  =  -iMD(x-y)  (4.30) 

[B(o)  (x)  (y)  ]  =  0  .  (4.31) 

We  assume  that  the  following  commutators  hold; 

(x)  ,x^  (y  )  1  =  0  (4.32) 

[t);(o)  (x)  ,ij) (o)  (y )  ]  /  0  (4.33) 

[x(o) U) ,x(o) (y)]  *  0  •  (4-34) 


■ 

- 

' 


. 
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If  the  conditions 


(A) 

M=0 

and 

a^O 

(B) 

M=0 

and 

a=0 

0.35) 

(C) 

M^O 

and 

a=0 

are  satisfied,  the  pathological  function  E(x-y)  in  the 

•  i" 

commutators  disappears.  In  case  of  (C),  the  spontaneous 
breakdown  of  the  global  transformation  necessarily  occurs 
due  to  M^O  (or  v^O).  We  point  out  that  as  will  be  shown  in 
Chapter  V  ,  the  condition  M=0  does  not  imply  that  the 
spontaneous  breakdown  of  the  symmetry  never  takes  place. 

Combining  (2.51)  and  (4.35),  we  consider  three 

cases : 


(A)  ' 

a=Z0 

3 

,  M=0 

and 

m=0 

(B)  1 

a=0 , 

M=0 

and 

m^O 

(4.36) 

(C)  ■ 

a=0 , 

M^O 

and 

m^O 

( 3 )  Detailed  Discussion  of  the  Three  Cases 

The  (o)-fields  are  related  to  the  in-fields  which 
diagonalize  the  total  Hamiltonian  and  satisfy  free  equations 
of  motion  and  commutators.  We  consider  three  cases  separately 
(A)’  a=Z3,  M=0  and  m=0 

Following  the  general  argument  in  the  preceding 
sections  commutation  relations  are  given  by 


t 


See,  for  its  pathological  properties,  Nakanishi  (1973,  197b) 


> 
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|Vo)(x)  ,A^o)(y)]  =  -iZ3g^vD(x-y)  (4.37-1) 

[A^  (x)  ,B(o)  (y)  ]  =  -13xD(x-y)  (4.37-2) 


[a^o) (x) ,x(o) (y ) 1  =  0 
[a^° ^  (x)  54,^°^(y)]  =  o 
[B(0)(x),B(0)(y)]  =  0 

[b(o) (x) ,x(o) (y ) ]  =  0 

[B^°^(x),i[i^0^(y)]  =  0 
l>(o)(x)  ,x<'0‘>  (y )  ]  =  o 
(x)  (y)]  t  0 

[x(o)(x)5X(o)(y)]  *  o 

The  field  equations  for  A^°^(x) 
the  above  commutators  are 

OA^tx)  =  0 

4 

□B(o) (x)  =  0 

3yA^o)(x)  +  ZjB(o)(x)  =  0 


(4.37-3) 

(4.37-4) 

(4.37-5) 

(4.37-6) 

(4.37-7) 

(4.37-8) 

(4.37-9) 

(4.37-10) 

and  B  0  (x)  consistent  with 

(4.38) 


These  relations  can  be  reproduced  if  we  put 

A^o)(x)  =  Z32A^n(x) 

B(o)(x)  =  Z“^Bin(x) 

X^o)(x)  =  Z^xin(x) 
ip^o)(x)  =  Zj^ln(x) 


(4.39) 
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in  which  the  commutators  are 

[Ayn(x) ,A^n(y ) ]  =  -ig^vD(x-y) 

[A^n(x) ,Bln(y) ]  =  -i3*D(x-y) 

[Bln(x),Bln(y)]  =  0 

[Ayn(x)  ,xXll(y)]  =  [A^n(x)  ,*jjln(y )  ]  =  [Bln(x),xin(y)]  = 
[Bln(x),^ln(y)]  =  [^ln(x),xln(y)]  =  0 

[*ln(x)s^ln(y)]  ji  0 
[xin(x) ,xin(y) ]  /  o 

(4.40) 

•  • 

and  the  field  equations  for  Aln(x)  and  Bln(x)  are 

y 

□Ain(x)  =  0 

y 

i  n 

□  BJ'n(x)  =  0  (4.41) 

3PAln(x)  +  Bln(x)  =  0  , 

y  5 

•  • 

the  field  equations  and  commutators  of  Aln(x)  and  Bln(x)  are 

y 

the  same  as  ones  obtained  in  Chapter  III. 

( B ) 1  a=0,  M=0  and  m^O 

This  case  leads  to  a  contradiction.  To  see  this, 
we  proceed  as  follows . 

The  commutation  relations  are  the  same  as  those  of 


(A)T  except  the  commutator 
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[A^o)(x)5A^o)(y)]  -  -iZ^Cg^  +  m  2  3X  3X )  A  ( x-y :  m2  ) 

Z 

+  i  —t  3x9xD(x-y) 

2  u  v 
m  H 

The  field  equations  consistent  with  the  commutation 
relations  are 

□B(o)(x)  =  0 

3yA^(x)  =  0 

y 

In  order  to  obtain  the  field  equations  for  A^°^(x),  we 
(o+m2)A<o)(x)  -  CpyB(o)(x)  -  C^3yx(0)(x)  -  Cg3y^(o)  (x) 


and  calculate  each  coefficient. 

o 

By  operating  (□  +m  )  to  (4.37-3)  and  using  (4 

X 

we  obtain 

C"  =  0 

similarly  from  (4.42)  and  (4.45)  we  have 

c"  =  z3 

and  from  (4.37-4)  and  (4.45)  we  obtain 


C3  =  ° 


Thus  (4.45)  becomes 


(□+m2 ) A^° ^ ( x)  -  (x) 


=  0 


(4.42) 

(4.43) 

(4.44) 

set 

=  0 

(4.45) 

.45) , 


(4.46) 


\ 
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Operating  (D+m2)(a  +m2)  to  (4.42)  and  using  (4.46),  we 

x  y 

obtain 


0  =  iZ0m29X3xD(x-y ) 
3  y  v  J 


(4.47) 


which  is  unacceptable  as  long  as  Z^m^  ^  0 


(C)’  a=0,  M^O  and  m^O 

In  this  case  we  have  the  following  commutation 
relations  for  (o)-fields: 


[A(o) (x) ,A(o) (y)]  =  -iZ~ ( g  +m  23X3x)A(x-y :m2) 
L  y  v  v  J  3  yv  y  v 


+  iZ^m-2  3X9XD( x-y ) 

(4.48-1) 

[A^o)(x),B(o)(y)]  =  -i 3XD( x-y ) 

(4.48-2) 

[a^o) (x) (y ) ]  =  o 

(4.48-3) 

[A^° ^  ( x )  ,  i|/°^  (y )  ]  =  0 

(4.48-4) 

[B(o)(x) ,B(o) (y ) ]  =  0 

(4.48-5) 

[B(o) (x) ,X(o) (y ) 1  =  -IMD(x-y) 

(4.48-6) 

[b ^ ° ^  (x)  (y )  ]  =  o 

(4.48-7) 

(x)  ,x(o4y)  ]  =  o 

(4.48-8) 

[4-(o)(x)^(o)(y)]  ■*  o 

(4.48-9) 

from  (4.48-6)  we  have 

[x(o)  (x)  ,x(o)  (y )  ]  =  iZxD(x-y)  (i). 48-10) 

Field  equations  consistent  with  the  above  commutators  are 


. 


■ 
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□ 


(x)  =  0 


(4.49) 


and  with  the  use  of  the  commutators  (4.48-2),  (4.48-3), 
(4.48-5),  (4.48-6),  (4.48-7)  and  (4.48-9),  we  obtain 

□  X(o)(x)  =  0  .  (4.50) 

By  setting 

3Vo)(x)  +  R;lB(o)(x)  +  R2x(0)(x)  +  R3fo)(x)  =  o  (4.51) 
and  using  the  commutators  (4.48-2)  to  (4.48-9),  we  obtain 

3PA(o)(x)  =  0  .  (4.52) 

The  form 

(o+m2)A^o)  (x)  -  RpyB(o)(x)  -  R'3ijx(0)(x)  -  R^3yi4(o)(x)  =  0 

(4.53) 

with  R^=Z3>  Ri,  =  Z  and  R^  =  0  is  consistent  with  (4.48)  to 

(4.52)  .  Hence , 

(□+m2)A(o) (x)  -  Z„9  B(o)(x)  -  Z~^Z0M9  x(o)(x)  =  0  .  (4.54) 

y  3  y  x3y 

The  operation  of  (□  +m2)(D  +m2)  on  (4.48-1)  with  the  aid  of 

x  y 

(4.54)  and  commutators  (4.48-5),  (4.48-6)  and  (4.48-10)  gives 

(Z2Z  _1M2  -  Z0m2 ) 9X9XD( x-y )  =  0 
3  X  3  y  v 


Since  Z^O,  the  interesting  relation  between  M  and  m 


_3  =  (S)2 
Z  vMy 
X 


(4.55) 


g 
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is  obtained.  Since  from  (4.5*0  contains  the  massive 


mode ,  A 


(o) 

y 


is  written  in  the  form 


A^°)(x)  =  l/°)(x)  +  a3  x^°^(x)  +  b3  B^°^(x) 

y  y  yA  y 


(4.56) 


where  is  a  massive  vector  field,  and  a  and  b  are  real 

y  5 

constants.  From  (4.49),  (4.50),  (4.52)  and  (4.56),  we  have 


3PU^o)(x)  =  0 

y 


(4.57) 


To  determine  a  and  b,  we  assume 

[uJo)(x),B(o)(y)]  =  0  (4.58) 

[U(o)(x),x(o)(y)]  =  0  .  (4.59) 

r* 

From  (4.48-2),  (4.48-5),  (4.48-6),  (4.56)  and  (4.57),  we  have 

a  =  M"1 

similarly  from  (4.48-3),  (4.48-6),  (4.48-10),  (4.56)  and 
(4.59),  we  have 


b 


Hence,  (4.56)  becomes  . 

A^o)(x)  =  U^o)(x)  +  M_13pX(o)(x)  +  m"2Z33pB(o)(x) 


(4.60) 


From  (4.54)  and  (4.60)  we  obtain 

(□+m2 )uj° ^ (x)  =  0 

r4 


(4.61) 


. 


' 
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It  is  clear  from  (4.57)  and  (4.6l)  that  U^o)(x)  is  the 
Proca  field.  The  substitution  of  (4.60)  into  (4.48-1)  with 
the  aid  of  the  commutators  (4.48-5),  (4.48-6),  (4.48-10), 
(4.58)  and  (4.59),  gives 

[U^0^ (x) ,U^°^ (y ) ]  =  “iZ3(gyv+m~"3^9^)A(x-y :m2)  .  (4.62) 

As  before,  the  (o)-fields  are  related  to  the  in-fields  as 

U<°}(x)  =  Z^n(x) 

^°^(x)  =  Z^ln(x) 

X(o)(x)  =  Z^xin(x)  (4.63) 

B(o)(x)  =  Z"^Bln(x) 

A<o)(x)  =  Z^n(x)  . 

i  n 

B  (x)  can  be  written  in  the  subtraction  form  of  two  fields  as 

Bin(x)  =  m(  $>^n(x)  -  xln(x))  .  (4.64) 

•  • 

where  $^n(x)  and  xin(x)  have  the  following  properties; 

n$^n(x)  =  0  ,  (4.65) 

□Xln(x)  =  0  ,  (4.66) 

[<^n(x)  ,$^n(y)  ]  =  -[xln(x)  ,xin(y)  ]  =  -iD(x-y) 

(4.67) 

and  [$^n(x) ,xin(y ) ]  =  0 

i  n 

A  (x)  can  be  written  as 

y 


. 
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A*n(x)  =  uj;n(x)  +  jhy*f(x)  ,  (4.68) 

and  other  commutation  relations  and  field  equations  are 

listed  in  Appendix  (A-iii). 

In  the  present  case,  since  M/0(v^o),  the  spontaneous 

i  n 

breakdown  of  the  symmetry  necessarily  occurs,  and  (x)  and 
X  1  (x)  are  regarded  as  Goldstone  bosons.  x  n(x)  and  (x), 
however,  never  appear  in  reality  due  to  the  subsidiary 
condition 

B.in(  +  )  (x)  |  phys>  =  0  for  any  x  (4.69) 

and  commutation  relations 

[Bln(x),qn(y)]  =  [Bin(x),Xln(y)]  =  -imD(  x-y ) /0  (4.70) 

for  any  x,y 

•  » 

In  this  way  it  is  shown  that  and  x  n  are  unphysical 

particles  and  the  gauge  field  A  acquires  the  mass.  This  is 

r 

called  the  Higgs  mechanism  (Higgs  1964,  1966;  Nakanishi  1973, 
1975;  Nishijima  1973).  As  was  seen  in  the  above  analysis, 
it  should  be  noted  that  the  Goldstone  bosons  never  disappear 
from  the  theory , though  they  do  not  play  any  physical  role. 

A  general  treatment  of  the  spontaneous  breakdown 
of  symmetry  will  be  given  in  Chapter  VI. 


s 


■ 
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CHAPTER  V 


GAUGE  TRANSFORMATION  AND  ITS  GENERATOR 


We  shall  obtain  a  universal  form  of  the  generator 
for  the  gauge  transformation.  Using  its  form  we  shall 
discuss  the  group  properties  of  the  gauge  transformation  and 
show  that  the  successive  operations  of  the  infinitesimal  will 
give  the  finite  gauge  transformation.  We  show  that  the  local 
gauge  transformation  changes  the  Hamiltonian  by  -G[A],  but 
does  not  change  the  physical  energy  spectra. 


( 1 )  The  Generator  of  an  infinitesimal  Gauge  Transformation 

Let  us  consider  an  infinitesimal  gauge  transforma¬ 
tion 


4)± ( x )  -*  <j>£(x)  = 


(J)1(x)  +  6<J>^  ( x) 


for  any  charged  field. 


A  ( x )  -*  A^(x) 
B ( x )  ->  B  ’  (x) 


A  (x)  +  3^ ( 6 A ( x ) ) 
B  (  x )  , 


(5.1) 


where  6<j>1(x)  are  given  by 


6 4> (  x )  =  ie6A(x)  •  4> ( x ) 

i  + 

6(j)  (x)  =  -ie6 A ( x )  •  cp  (x)  for  scalar  field 


(5.2) 


6ip ( x )  =  ie6A( x)  *^(x) 

6if(x)  =  -ie6 A ( x )  •ijj(x) 

33 


for  spinor  field 
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6ijj(x)  =  iey^6A(x)  *^(x) 

6^(x)  =  ip(x)ieYt-6A(x)  for  spinor  field  with 

p-v  coupling  , 


(5.4) 


and  6A(x)  is  an  infinitesimal  c-number  function  satisfying 


□  6 A( x )  =  0 


(5.5) 


The  change  of  the  action  integral  due  to  the  transformation 
(5.1)  is  given  by  the  Noether  Identity 


a, 


61  =  6  /  d  xL(x) 
°i 


=  -  /  d4x  3yJ  (x)  =  G[o1]  -  G[a2] 


y 


a 


1 


(5.6) 


where 


Jy(x)  =  - 


3L 


3(3pAv(x)) 


6A  (x) 


v 


9L 


Z  (- 

i  9(3  <j>  (x)) 

r* 


6(j).(x)  +  h.c.) 


( FyV ( x )  -  BgMV)3v«A(x) 


-  I  ( 


3L 


i  3  (  3  <(> .  ( x ) ) 


6(}).(x)  +  h.c.)  (5-7) 


As  will  be  shown  in  Appendix  (C— ii) ,  the  current 
j  (x)  given  by  (2.7)  is  written  as 


■ 
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.  U  3  r 

j  (x)  =  E  ( - 6(J)  (x)  +  h.c.)/6A(x)  ,  (5.8) 

i  3(3^.(x))  1 

where  J^(x)  becomes 

Jy(x)  =  (Fyv(x)  -  B(x)guv)3v(6A(x))  -  6A(x)-jy(x)  .  (5.9) 

Hence  the  generator  of  the  transformation  (5.1)  is 

G[a]  =  /  da  (x)Jy(x) 
a 

=  /  daij(x){(FlJV(x)  -  B(x)gyv)3v(6A(x)) 
a 

-SA(x)*jy(x)}  .  (5.10) 

Since,  as  can  be  easily  demonstrated,  J^(x)  is  conserved,  i.e. 

3yJy(x)  =  0  ,  (5.11) 

it  follows  from  (5.6)  that  the  Lagrangian  is  invariant  under 
the  transformation  (5.1) 3  and  G[a]  is  independent  of  the 
choice  of  the  spacelike  hypersurface  a,  i.e. 

6aTx7  "  0  •  (5'12) 

Now  we  shall  obtain  a  universal  form  of  the 
generator  of  this  transformation  with  the  aid  of  the  field 
equation  (2.14)  as  follows; 

G  =  /  dap(x){(FyV(x)  -  B(x)gyV)3v(«A(x)) 

-  6A(x)(3vFVy(x)  -  3yB ( x) ) 

=  /  do  (x)B(x)3y(6A(x))  +  /  da  ( x ) {Fy V ( x ) 3V ( 6 A ( x) ) 

M 

+  6A(x)3vFyV(x)}  .  (5-13) 


X, 
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On  using  the  formula  (B-iii),  it  is  shown  that  the  second 
term  in  equation  (5.13)  vanishes.  Indeed, 

/  da  {FMV3  (6A)  +  6A3  Fpv}  =  /  da  3  (FpvSA) 

M  v  V  J  y  v 

=  hif  da  3  (Fyv6A)  +  /  da  9  (FVy6A)} 

=  hij  da  3  (Fyv6A)  +  /  da  9  (FVy6A)} 

=  h  !  dap3v{(FlJV  +  Fvp)6A}  =  0 
Thus  we  arrive  at 

G  =  /  da  (x)B(x) 9y (6A(x) )  e  G[6A]  .  (5.14) 

It  should  be  noted  that  the  generator  (5.14)  is 
expressed  only  in  terms  of  the  B  field  and  an  infinitesimal 
c-number  function  SA(x)  whatever  the  matter  field  may  be. 

As  will  be  seen  in  the  next  section,  (5.14)  is  valid  for  any 
6A(x)  satisfying  equation  (5-5).  In  this  sense  equation  (5.14) 
is  a  universal  form  of  the  generator  for  the  gauge  transfor¬ 
mation.  r 

( 2 )  The  Gauge  Transformation  and  its  Group  Properties 

We  shall  study  the  group  properties  of  the  gauge 
transformation  and  show  that  it  is  possible  to  extend  the 
infinitesimal  to  the  finite  gauge  transformation. 

4* 

Matsumoto  et  al .  (1976)  obtained  the  generator  of  the  gauge 
transformation  in  the  form  (5-14)  in  the  case  of  the  quantum 
electrodynamics  with  both  dimensions  of  2  and  4. 


4 


X 


' 
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Consider  a  set  CC  °f  canonical  transformations  such 

that 

21  =  (U [6 A] |  U[6A]  =  elG^6A^  ,  oSA  =  0}  .  (5-15) 

On  account  of  the  form  of  equation  (5.14),  we  derive  important 
properties  for  a  set^.  For^6A-^3  6A^  C  A,  where  A  is  a 

set  given  by 

A  =  { 6 A  |  06 A  =  0} 

(i)  linear  dependence  on  6A  of  G[6A]  leads  to  the  additivity 
of  G,  i . e . 

G[6A1]  +  G  [6  A2  ]  =  G[6A1  +  6A2]  ,  (5-l6) 

(ii)  the  fact  that  the  only  operator  appearing  in  (5-14)  is 
the  B  field  leads  to  the  commutativity  of  G,  i.e. 

[G[6A1],G[6A2]]  =  0  ,  (5-17) 

due  to  the  commutator 

[B ( x )  ,B (y )  ]  =  0 

From  the  properties  (i)  and  (ii),  it  follows  that 
(1)  a  set  24  obeys  a  law  of  combination,  i.e., 

iG[6A  ]  1G[6A2]  iG[6A1+6A2] 

U[6A1]U[6A2]  =  e  e  =  e 


for 


=  uCSAj.  +  6 A 2 1  €  21 

V  U[6A1],U[6A2]  C  2L  • 


(5-18) 


■ 
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(2)  the  law  of  combination  is  associative,  i.e. 
(U[6A1]U[6A2])U[6A3]  =  U[6A1](U[6A2]U[6A  ]) 

for  VU[5A1]  ,U[6A2] ,  U[6A3]  >  (5.19) 

(3)  the  Identity  element  I  =  U[o]  =  1  exists  satisfying  the 
property 

U[6 A]U[o]  =  U[o]U[6A]  =  U[6A] 
for  VU[6A]  , 

(4)  to  every  element  U[6A]  in  ^  the  inverse  element 
U  ^[6A]  =  U[-6A]  exists  such  that 

U“1[6A]-U[6A]  =  U[6A]U“1[6A]  =  I 

Hence,  the  set  ^  forms  a  "continuous"  group.  Besides,  we 
obtain  from  (5.18) 

[u[«a1],u[«a2]]  =  0 

for  VU[6A1],U[6A2]  C  %  >  (5.20) 

from  which  follows  that  the  group  oL  is  an  "Abelian"  group. 

Thus  the  group  properties  obtained  above  enable  us  to  extend 
the  infinitesimal  operator  U[6A]  to  the  finite  operator 
U[A]  =  .  We  can  verify  explicityly  that  U[A]  =  eiG^^ 

generates  a  finite  gauge  transformation  as  follows. 


■ 
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that 

where  A(x) 
Equation  ( 
Since 


we  obtain 


Consider  the  transformation  for  the  fields  such 

A ( x )  +  A ' ( x )  =  U+[A]A(x)U[A]  ,  (5.21) 

stands  for  A  (x)  ,  B(x)  and  charged  fields. 

5.21)  can  be  computed  by  the  help  of  Appendix  (B-i). 


[G,Av(y)]  =  i^A(y) 


(5-22) 


[G,B(y)]  =  0 


(5-23) 


[G,cj)(y )  ]  =  —  e 4> ( y )  A (y ) 
[G,<t»+(y)]  =  e<j>  *^( y )  A ( y ) 


(5.24) 

for  the  scalar  fields. 


[G (y )  ]  =  -eijj  (y )  A(y ) 
[G,^(y)]  =  elf(y)A(y) 


(5.25) 


for  the  spinor  fields. 


[G,<My)]  =  -ey5iKy)A(y)  (5.26) 

[Gj^(y)]  =  e  "^  ( y  )  y  c-  A  ( y  )  for  the  spinor  fields  with 

^  p-v  coupling. 


A  (x)  -*  A ’  ( x ) 

pi  ^ 


A  (x)  +  3  A(x) 

y  y 


B  ( x ) 


B  ’  (  x)  =  B (  x) 


(j)  (  X  )  +  cj)  T  (  X  ) 

<J)^  (  X  )  ->  (j)  (  x  ) 


(5.27) 

(5.28) 

(5.29) 


i|)(x) 
$”(x) 
Ip  (x) 
ijj(x) 


ip  1  (x) 
f '  (x) 
ip  ’  (x) 
if’  (x) 


ieA( x) , /  \ 
e  <Kx) 

-ieA(x)^  f0r  the  scalar  fields, 

ieA(x)./ vx 

e  ip(x)  (5.30) 

e"ieA ( x)^( x)  for  the  spinor  fields, 
ieyc-A(x) 

e  .  fd  (5-31) 

iey  j- A  ( x ) 

ip(x)e  ^  for  the  spinor  fields 

with  p-v  coupling. 
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Thus  the  group  (U [A]  |  U [ A]  =  elG*-A^,DA  =  0}  is  a  set  of 
operators  which  induce  finite  gauge  transformations.  By 
the  help  of  equation  (5.12),  G[A]  may  be  written  as 

G [ A]  =  /  dJxB(x)9*A(x)  ,  (5-32) 

defining 

IG1 [A]  =  /  d3xB(x)-A 

for  3yA  =  0  (5.33) 

G 1 1 [ A ] =  /  d3x(B(x)A(x)  -  B ( x ) A( x ) ) 

for  3yA(x)  t  0.  (5.34) 

( 3 )  Local  Gauge  Transformation 

We  shall  consider  the  significance  of  the  local 
gauge  transformation  in  Heisenberg  representation  and  see 
how  the  Hamiltonian  transforms  under  the  transformation. 
Consider  a  local  gauge  transformation 

IG11 [A] 

|^H>  l^G>  =  e  I^H>  (5-35) 

for  the  physical  Heisenberg  state  vector  satisfying 

B^  +  )  (x)  1 1|)^>  =  0  .  (5.36) 

Now,  from  (3.18)  we  have 

[GII[A],B(+)(x)]  =  0  ,  (5-37) 


^  G1 1 [ A ]  =  0 


3 


(5.38) 


N 


- 
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whence  we  know  that  the  transformed  state  I ^q>  is  also  a 
physical  state.  The  expectation  value  of  a  Heisenberg 
operator  satisfying 


[H,AR(x)]  =  -iAR(x)  , 


(5.39) 


is  transformed  under  the  transformation  (5-35)  as 

<^H  I  Ah ( x )  I  ^H>  *  I  e_lG  ^AH(x)elu  [A]|V  ,  (5.40) 


which  implies  that  A„  is  transformed  as 

n 


Ah(x)  -  Aq(x)  -  e-iQlItAhH(x)eiG^[A]  . 


(5.41) 


On  using  the  equations  (5-38)  and  (5.41),  the  Heisenberg 
equation  of  motion  for  becomes 


where 


[HG,AQ(x)]  =  -iAG(x) 

H„  =  e-iGlItAhe1GlI[A] 


(502) 

(5.93) 


With  the  help  of  Heisenberg  equations  for  B(x)  and  B(x),  and 
(5-32),  we  obtain 

[H,GII[A]]  =  1GII[A]  ,  (5.99) 

whence,  from  (5*43)  with  a  formula  (B— i) ,  we  have 


H  =  H  +  [H , iG11  [A ] ]  =  H  -  GI:I[A]  .  (5-95) 

Hence,  Hamiltonian  is  shifted  by  (-G11]^])  under  the  local 
gauge  transformation,  but  the  expectation  value  of  Hamiltonian 


N 
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is  unchanged,  i.e. 

=  <*hI(h-gii[A])|*h> 

=  <^h|H|^h>  ,  (5.46) 

since  from  the  subsidiary  condition  (5*36)  we  have 

<^H | G11 [A] | ^H>  =  0  ,  (5.^7) 

where  |i4H>  is  a  physical  state.  Therefore,  the  local  gauge 
transformation  does  not  have  any  influence  on  the  physical 
energy  spectra. 


CHAPTER  VI 


SPONTANEOUS  BREAKDOWN  OP  SYMMETRY  AND  A  ROLE 
OP  SUBSIDIARY  CONDITION 


We  illustrate  now  the  spontaneous  breakdown  of  the 
global  gauge  transformation.  A  role  of  the  subsidiary 
condition  is  studied,  and  we  shall  see  the  way  in  which 
the  Goldstone  bosons  disappear  from  the  physical  states. 


(1)  Goldstone  Theorem 


Goldstone  theorem  can  be  stated  as  follows • 


Theorem : 

If  the  Lagrangian  is  invariant  under  a 
continuous  transformation  characterized  by 
the  generator  Q,  either  the  vacuum  state 
(or  the  ground  state)  |o>  is  invariant 
under  the  transformation  or  there  exist 
elementary  excitations  the  energy  of  which 
vanishes  as  the  wave  number  goes  to  zero. 
(Such  elementary  excitations  are  called 
Goldstone  bosons.) 


The  proof  of  this  theorem  was  first  given  by 
Goldstone,  Salam  and  Weinberg  (1962),  which  we  shall  not 
repeat  here. 

Invariance  of  the  Lagrangian  under  a  continuous 
transformation  characterized  by  Q  yields 

if  -  0  >  (6-1} 

whence  the  Heisenberg  equation  of  motion  for  Q  becomes 
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. 


' 
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[H,Q]  =  0  ,  (6.2) 

if  Q  does  not  depend  explicitly  on  time.  Prom  (6.2)  we  see, 
therefore,  that  the  state  Q|o>  is  the  vacuum  state,  i.e. 

HQ | o>  =  QH | o>  =  0  .  (6.3) 

When  the  condition  (6.3)  is  satisfied,  investigation  of  the 
existence  of  Goldstone  bosons  becomes  equivalent  to  finding 
a  field  which  satisfies  the  relation 

<[<J)(x)  ,Q]>0  7*  0  (6.4) 

This  is  because  equation  (6.4)  implies  that  the  vacuum 
state  | o>  is  not  an  eigenstate  of  Q,  i.e. 

Q|o>  t  q|o>  ,  (6.5) 

where  q  is  an  arbitrary  c-number  constant.  In  other  words, 
the  vacuum  state  has  a  degeneracy. 

On  the  other  hand,  from  equation  (6.4),  the 
spectral  representation  for  <  [<f>  ( x)  ,  J  (y )  ]>0  shows  the 
existence  of  elementary  excitations  whose  energy  vanishes 
as  the  wave  number  goes  to  zero.  Therefore,  the  degeneracy 
of  the  vacuum  is  due  to  the  existence  of  Goldstone  bosons . 

It  is  noted  that  in  the  relativistic  case,  the  Goldstone 
boson  must  be  a  massless  particle. 
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The  condition  that  equations  (6.1)  and  (6.5)  are 


satisfied,  is  called  spontaneous  breakdown  of  symmetry 
generated  by  Q. 

(2)  Spontaneous  Breakdown  of  the  Global  Gauge  Transformation 


As  was  seen  in  Chapter  II,  the  Lagrangian  (2.6)  is 


invariant  under  the  global  gauge  transformation  whatever 
the  matter  field  may  be.  On  using  this  fact  and  the 
Goldstone  theorem,  we  now  show  that  spontaneous  breakdown  of 
the  global  gauge  transformation  takes  place  regardless  of  the 
model  employed.  To  show  this,  we  proceed  by  using  the  in¬ 
field  representation  as  follows. 


As  was  obtained  in  Chapter  IV 


B(x)  =  3in(x) 


(6.6) 


[Bln(x),Bin(y)]  =  0 


(6.7) 


□  Bln(x)  =  0 


(6.8) 


whence  Bin(x)  can  be  written  in  the  subtraction  form  as 


Bin(x)  =  c(<^n(x)  -  *f(x)) 


(6.9) 


i  n 

In  the  above,  c  is  a  non-zero  real  constant  and  $  (x) 

(1=1,2)  are  real  scalar  fields  satisfying 


with 


0 


(6.10) 


!  «. 
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and 

i  n 

□  $.n(x)  =  0  for  1  =  1,2  .  (6.11) 

In  what  follows,  we  use  $^n(x)  instead  of  Bin(x).  A 
substitution  of  equation  (6.9)  into  the  generator  (5.33) 
of  the  global  gauge  transformation  leads  to 

Gx [6]  =  cez~h  J  d3x(qn(x)  -  £*n(x)) 

for  any  real  constant  0  .(6.12) 

With  the  help  of  the  commutator  (6.10)  and  equation  (6.12), 
we  obtain 

[G1  [0]  ,<^n(x)]  =  ic0 Z~^  for  1=1,2  ,  (6.13) 

i  n 

whence  the  fields  (x)  are  transformed  under  the  global 
transformation  as 

n(x )  +  $in’(x)  =  <^n(x)  +  cQZ~h 
i  v  i  i  3 

for  i=l,2  .  (6.14) 

Furthermore,  the  vacuum  expectation  value  of  (6.13)  gives 

<[GI[0],^n(x)]>o  =  ic0Z~^(^O)  for  i  =  l,2  ,  (6.15) 

which  implies 

G1 [ 0 ] |o>  ?  g|o>  ,  (6.16) 

where  g  is  an  arbitrary  c-number  constant.  Besides  equation 
(6.16),  we  have,  from  the  argument  in  Chapter  V, 


• 

• 

- 

. 


■ 


. 
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[G1 [e ] ,H]  =  0  ,  (6.17) 

which  implies  that  the  state  G^[0]|o>  is  also  a  vacuum  state. 
From  equations  (6.16)  and  (6.17),  it  follows  that  the 

vacuum  state  is  not  unique  but  rather  degenerate,  and  in 

•  • 

view  of  the  properties  of  4nn,  i.e.  (6.10)  ^  (6.17),  $^n(x) 
i  n 

and  (x)  are  Goldstone  bosons.  Thus  the  spontaneous 
breakdown  of  the  global  gauge  transformation  takes  place 
regardless  of  the  model  employed. 

( 3 )  A  Role  of  the  Subsidiary  Condition 

Let  us  now  investigate  a  role  of  the  subsidiary 

condition 

Bln(+)(x) |phyS>  =  0 

at  any  space-time  point,  (6.18) 

and  consider  this  in  momentum  space.  As  a  consequence  of 

•  • 

equations  (6.8)  and  (6.11),  B  (x)  and  $1  (x)  can  be  written 
as  3 

Bln(x)  =  1/(2w)3/2  /  4=L  (bin(p)e-ipX  +  h.c.  )  .  (6.19) 

✓  2  |  p  | 

and  ^ 

$in(x)  =  1/  (  2tt  )  3/2  /  -,-JL  (yF(p)e"lpX  +  h.c.)  ,  (6.20) 

1  /2  |  p  | 

where  PQ  =  |p| 

Thus,  in  momentum  space  (6.9)  and  (6.10)  become 
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b  (p)  -  c^^n(p)  -  ^^P))  for  any  P  ’ 


(6.21) 


and 


,  t 


tyln(p),f3n  (q)]  =  s'j«3(p-q)  . 


[yin(p),yf(q)]  =  [?in+(P),yf+(q)]  =  0 


(6.22) 


where  ^an(p ),  C^11  (p)  are,  respectively,  annihilation  and 
creation  operators.  The  subsidiary  condition  in  momentum 
space  is  written  as 


in 


m 


or 


b  (p ) | phys>  =  0 


(y[n(p)  -  ^n^P  ^  I  Phys>  =  0  for  any  p 


(6.23) 


(6.24) 


i  n 

Now  consider  a  state  (J>±  (p)|phys>  .  The  use  of 
the  subsidiary  condition  (6.24)  and  the  commutator  (6.22) 
yields 


t 


(9^(3)  ~  (P)  lphys>  =  -6  3(p-q)  |  phys>  %  0 

for  any  p  and  q 


an 


an 


(6.25) 


.  i 

an 1 


Hence,  the  state  Cp ^  (p)|phys>  is  unphysical.  It  is 
concluded,  therefore,  that  the  subsidiary  condition  prohibits 
the  Goldstone  bosons  from  being  observed  in  reality.  It  is 
noted  that  the  above  argument  is  true  independently  of  the 
Higgs  Phenomenon. 


Example 

We  now  apply  the  above  argument  to  the  case  of  the 
Higgs  Lagrangian  studied  in  Chapter  IV,  and  see  explicitly 


■ 
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the  way  in  which  the  Goldstone  bosons  appear. 


Case  (A)’:  a  =  Z^,  M=0,  m=0 

In  this  case  we  have 


□  Ain(x)  =  0 

y 


whence  Ain(x)  is  written  as 

y 


A^n(x)  =  1/(2h)3/2 


/ 


d3p 


/2|p|  X  =  0 


I  e^)(p)[af(p)e-iPx  +  h 

H  ^  A  ~ 


with  p  =  | p | 

U  ~ 


The  field  equation 

9yAln(x)  +  Bin(x)  =  0 

y 

becomes,  in  momentum  space, 

bin(p)  =  i | p | ( a^n (p )  -  a^n (p ) )  , 

and  the  commutators  become 

•j- 

[a^n(p),a^  (q)]  =  -gXA,63(p-q) 
[aAn(p),bln  (q)]  =  i|q|63(p-q)(goX-g3X) 
[bln(p),bln  (q)]  =  [bin(p)  ,bln(q) ]  = 

^  <v  <v  ^ 

[blnr(p),bin  +  (q)]  =  0 

<V 


(6.26) 

.  c .  ] 

(6.27) 

(6.28) 

(6.29) 


9 


(6.30) 


■ 
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Comparison  of  (6.21)  and  (6.22)  with  (6.29)  and  (6.30)  gives 


c-93n(p)  = 


Cff(g)  = 


•  I  I  ln^  \ 
i|p|a  (p) 

-v  U  ~ 


•  i  i  m/  \ 
i | p I aQ  (p) 
~  o  ~ 


(6.31) 


from  which  it  follows  that  both  scalar  and  longitudinal 
photons  are  interpreted  as  Goldstone  bosons  and  would  never 
be  observed  in  reality  due  to  the  subsidiary  condition 


( a^n (p )  -  a^xl(p )  )  |  phys>  =  0  for  any  p 

o  ~  j  ~  ~ 


in 


(6.32) 


Case  (C) ’ :  a=0,  M^O,  m^O 

This  is  the  case  for  which  the  Higgs  Phenomenon 
occurs.  As  was  studied  before,  we  have 


Bln(x)  =  m(^n(x)  -  Xin(x)) 


whence 

c  =  m  (6.33) 


<^n(x)  =  ^n(x) 
*f(x>  =  Xln(x) 


(6.34) 


#  • 

Thus,  we  again  see  that  both  (x)  and  x  (x)  are 
interpreted  as  Goldstone  bosons  which  would  never  be 
observed  in  reality  due  to  the  subsidiary  condition. 


1, 


■ 


CHAPTER  VII 


CONSERVED  CURRENTS  INVOLVING  C-NUMBER 
FUNCTIONS  AND  GOLDSTONE  THEOREM 

Up  to  the  present,  Goldstone’s  conjecture  (1961) 
has  been  proved  only  for  the  case  of  conserved  q-number 
current  (Goldstone,  Salam  and  Weinberg,  1962).  However  the 
question  as  to  whether  or  not  the  theorem  applies  when 
conserved  currents  or  generators  involve  c-number  functions 
has  not  been  discussed. 

We  shall  show  that  certain  conditions  on  the 
c-number  functions  appearing  in  conserved  currents  restrict 
the  properties  of  <  [<)k  (x)  ,  (y )  ]>Q  in  the  spectral 

•j* 

representation,  where  <Jk(x)  represents  a  spinless  field. 

Having  assumed  various  special  forms  for  J  ,  we  investigate 

y 

the  conditions  under  which  a  massless  or  massive  mode  emerge. 

( 1 )  Basic  Assumptions 

We  restrict  ourselves  to  J  of  the  form 

y 

Vx)  =  Vx)c(x)  +  Qpv(x)cV(x)  >  (7-1) 

where  Q  (x)  and  Q  (x)  are  Heisenberg  operators,  and  C(x) 
y  yv 

and  CV ( x )  are  c-number  functions. 

+  The  index  i  of  ^(x)  does  not  imply  the  Lorentz  suffix. 
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The  law  of  current  conservation 

3PJ(j(x)  =  0  ,  (7.2) 

implies  that 

3yQ  (x)-C(x)  +  Q  (x)3uC(x)  +  3yQ  ( x ) • CV (x )  +  Q  ,(x)3yCV(x) 

n  r  |J  V  (J  V 

=  0  .  (7.3) 

Now  we  begin  the  analysis  by  adopting  the  following 
assumptions : 

(i)  At  least  one  of  the  two  c-number  functions  C(x), 

C^(x)  is  not  constant, 

(ii)  both  of  the  c-number  functions  are  independent  of  any 
choice  of  spacelike  hypersurface,  and 

(iii)  the  theory  is  relativistically  invariant. 

Assumption  (i)  is  needed  in  order  that  J^(x)  involves  at 
least  one  (not  constant)  c-number  function. 

( 2 )  Spectral  Representation 

Let  us  consider  a  physical  system  with  a  conserved 
current  (1),  and  denote  a  set  of  spinless  fields  by 

{(^(x)  ,<|>2(x)  , .  .  .  ,4>1(x)  , .  .  . }  .  ***  (7.*0 

The  vacuum  expectation  value  of  the  commutator  of  J  (x)  and 
V'Mx)  cj,  can  be  written  as 

^  The  fields  (f>  need  not  be  "fundamental"  here;  all  remarks 
will  apply  equally  well  if  the  <b±  are  synthetic  objects. 


;  .  .  ■:  . 


> 

: 


5  j.  •  ■  ,  ■  V.  .  :  ,r-  '  1  . 


.  k  * 

; 


•  •  '■iiv'V'j':'  v 


■  . 
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<[(j)1(x)  5Jy(y)]>0 

=  <[<J>1(x)  ,Qy(y)]>QC(y)  +  <  [  4>i  ( X )  5QViV(y)]>QCv(y) 

=  /  dK2{9^A(x-y  :k2)p|°')  (K2)C(y) 

+  SyvA(x-y :K2)pj1) (K2)CV(y) 

+  3y9^A(x-y:K2)pj2)(K2)Cv(y)}  ,  (7-5) 


where 


and 


are  spectral  functions  satisfying 


and 


^  0 


(7.6) 


It  is  noted  here  that  the  antisymmetric  part  of 
Q  cannot  contribute  to  the  spectral  representation  in 
equation  (7-5).  Differentiation  of  equation  (7-5)  with 
respect  to  y^  gives 

o  =  <  [4>i  ( x)  ,9yJy(y)]>0 

=  /  dK2{K2A(x-y  :k2)p^°'>  (K2)C(y)  +  9XA  (x-y  :k  2  )  p  j°  ^  (k  2 )  9yC  (y ) 

-  9^A(x-y  :k2)p  j1'1  (K2)CV(y )  +  A  ( x-y  :  k  2  )  pj1  ^  (k  2 )  3vCV  (y ) 

+  K29XA(x-y:K2)Pif2)(K2)CV(y)  +  9*9*A  ( x-y  :  k  2  )  p  [2  }  (k  2 ) 

3PCv(y)}  .  (7.7) 

If  we  integrate  (7-7)  with  respect  to  y  along  a  indicated 
by 

a  =  {y|n^yy  +  t  =  0} 


;  p  . 


' 

* 


- 
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and  put  x  on  a ,  where  t  is  a  real  constant  and  n  is  a 

r 

timelike  vector  with  n^ny  =1,  then  we  obtain,  with  the 
help  of  formulae  (B.17),  (B.18)  and  (B.21), 

0  =  f  dcA(y)<[c{)1(x)58yjy(y)]>o 
a 

p  j  L 

=  f  dK  nA  dr  /  d  y6(ny+x)A(x-y:K2){pjo)(K2)(n3)C(y) 

“  pj1^ (K2)nvCV(y)  +  K2pj2) (K2)nvCV(y)  +  p|2)(k2) 

(ny  9v  •  s  +  Vy-s^0^*  *  (7* 

Here  we  have  used  the  shorthand  notation 


3  =3  -n(n3) 

ys  y  y v  J 


(7.9) 


n3  =  n  3 

y 


y 


In  view  of  the  fact  that 


/  d^y6  (ny+x)  A(x-y  :k2)  ]  =  [/  d\ (n3y )  6  (ny+x )  A  ( x-y  :  k2  )  ] 

x/a 


is  independent  of  the  choice  of  n  ,  we  may  choose 

n  =  (1. 0,0.0),  whence  the  above  quantity  is  equal  to  (-1) 

y 

2 

and  is  independent  of  k  .  Thus,  from  (7.8)  we  obtain 


/  dK2{p/ /k2)  (n3)C(y )  -  p/ 1  k2  )nvCv  (y  )  +  K2pj2di<2)nvCv(y ) 

+  pT)(K2)(n  3  +  n  3  )3PCv(y)}  =  0 

Ki  v  y  y  v  •  s  v  y  •  s 


x/a 


(7.10) 


• 

In  a  similar  manner,  if  we  integrate  (7.7)  along  the 
surface  o  with  respect  to  x  and  put  y  on  a,  we  have 
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o  =  /  doA(x)<[<t>.  (x)  ,3yJy(y)]>o 
a 

=  /  dK2nA  ~  J  di|x6(nx+T)A(x-y  :k2)  {p|0^  (k2)  (na)C(y) 

"pi1^ (K2)nvcV(y )  +  K2pj2^ (K2)nvCV(y ) }  for  y/a  .  (7.11) 

Hence  we  have 

¥■ 

S  dK2{p^o)(<2)(n3)C(y)-p^1)(K2)nvCV(y)+K2p^2)(K2)nvCV(y)}=0  . 

(7.12) 


From  (7.10)  and  (7-12)  we  have 

/  dK2pf2^ (k2) (n  8  +n  9  )9MCV(y)  =  0  .  (7.13) 

)  i  y  v  •  s  v  y  •  s  J  v 1  J ' 

If  we  perform  the  differential  operation  (n9  )  on  both  sides 
of  equation  (7-7),  integrate  it  along  the  surface  a  with 
respect  to  y  and  put  x  on  a ,  then  we  have 


0  =  /  daA(y)<[n9A({)i(x)  ,9yJij(y)  ]>Q 


=  n 


A 


/  dx 


2  d  r  _ w/ . .  2  N  r  _(o)^2,„  ^\i 


dx 


/  d  y6  (ny+T  )  A  ( x-y  :  k  )[-p^  (k  )  9^  #  R  9  .rC  (y ) 


y  •  s  •  s 


+  p!1)(2)3v.sCv(y)-K2p|2)(K2)3l|,/(y)+pl!2)(K2)3|its3l; 


y  •  s 


y  •  s  •  s 


VscV<y> 


-  p  f  2  ^ ( k  2 ) 9  9V  (n9)n  CV(y) 

Ki  v  y  •  s  •  s  v 

+  {  k  2  p  ^  °  ^  (K2)C(y)  +  9vCV(y  )p|X^  (k2)-k2p|2\k2)  (n9)nvCV(y  ) }] 


3 


for  x/a 


' 


/ 


'  '  ' 


. 


where  use  has  been  made  of  formulae  (B.20),  (B.21)  and 
(B.26).  Hence  we  obtain 
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/  dK^[-pfo) (k^) 9  3y  C(y)  +  p 
)  Ki  y  •  s  •  s  J  Mi 


(1)/..2n„  ^y,„N  „2  (2),  2 


(K  )9y.sc  (y)-K  p)  '(k  ) 


8  Cy(y) 
y  •  s  J 


+  p^2)(K2)8y  3  3  CV(y)-p^2) (k2)3  3y  (n3)n  CV(y) 

i  *s  ys  vs  J  v  '  ys  *s  v  ^ 

+  {K2p{o)(K2)C(y)  +  3vCV(y)p{1)(K:2)-K2pj2)(K2)(n3)nvCV(y)}]  =  0 


(7.14) 


Similarly  if  we  perform  the  operation  (n3  )  on  equation  (7-7) 
and  integrate  it  along  the  surface  a  with  respect  to  x, 
moreover,  put  y  on  a,  then  we  obtain 


0  =  J  dax(x)<[n3x4)1(x)  ,3yJ^(y)]>o 
a 

=  /  dK2  ~  J  d^x6  (nx+x)A(x-y  :k2)  (~n^K2p|°')  (K2)C(y) 

-  nApjl) (K2)3vCV(y)  +  nAK2pj2) (k2) (n3)nvCV(y) ) 

for  y/a  , 

whence  we  have 

/  dK2(K2pjo) (K2)C(y)+p (k2) 3vCV(y)-K2p[2) (k2) (n3 )nvCV (y ) ) =0 

(7.15) 


From  (7.14)  and  (7-15)  we  obtain 


/  dK:2[-p1(o)(K2)3lJ.s3^sC(y)+pW)(K2)3ll.sCl,(y)-K2p^2)(K2) 


9  Cy (y ) 
ys 


+pP)(K2>Vs3-sVscV(y)-pi  (K  )3p.s3fs(n3)nvcV(y)>0 

(7.16) 


■ 


. 


■ 
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The  operation  (n3y)  on  (7.12)  gives 

/  dK  [~p|  ^  (k  ) (n9 ) 2C (y ) +p ^ ^ (k 2 ) (n3 )n^Cy (y ) -K2p j2 ^ ( k 2 ) 

(n3)n^Cy(y)]  =  0  (7.17) 

{( 7 . 15 ) - ( 7 . 16 ) + ( 7 . 17 )} with  the  help  of  (7.13)  gives 

/  dK2[pjo)  (k2)  (□+K2)C(x)  +  p|2)(K2)(a+K2)3iit  Cy(x)]  =  0.  (7.18) 

The  argument  in  the  following  section  is  based  on  the  above 
five  relations  (7.12),  (7.13),  (7.15),  (7.16)  and  (7.18). 

( 3 )  Special  Cases 

We  shall  discuss  the  following  cases  separately 
with  the  help  of  equations  (7.12),  (7-13),  (7.15),  (7*16) 
and  (7-18)  under  the  assumption  (i),  (ii)  and  (iii). 

(A)  J  =  Q  (x)-C(x) 

p  P 

(B)  J  =  Q  ( x ) • C  (x) 

y  yv  v 

(C)  J  =  Q  (x)-C(x)  +  Q(x)-C  (x) 

MM  M 

(A)  J  =  Q  (x)*C(x) 

^  H  __  __  __  __ 

In  this  case  assumption  (i)  implies 

C ( x )  *  0  ,  (7.19) 

9C(x)^0  ,  (7.20) 

and  equation  (7-12)  becomes 

/  dK2p!o)(K2)n  3PC(x)  =  0 

_L  p 


(7.21) 


* 


, 


' 
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From  assumption  (i)  and  condition  (7.20),  n^3yC(x)  does  not 
vanish.  Hence,  equation  (7.21)  together  with  (7.6)  reduces 
to 

p|°)(k2)  =  0  for  any  i  .  (7.22) 

It  is  concluded  therefore,  that  there  is  no  Goldstone  boson 
in  this  case.  However,  if  we  remove  the  condition  (7.20) 
from  the  theory,  that  is,  if  J  is  a  q-number  current,  we 
cannot  derive  equation  (7.22).  However,  we  have,  from 
equation  (7.15)  with  the  condition  (7-19) 

J  dK  p.  (k  )  *K  =0  , 

which  implies 

P^°)(k2)  =  $^0^6(k2)  for  any  i  ,  (7-23) 

where  is  a  positive  constant.  Therefore,  when 

C ( x )  =  0  =  constant,  there  exists  a  massless  mode  if 
sf°^0.  We  will  not  discuss  this  mode  subsequently,  for 

l 

this  is  nothing  but  Goldstone,  Salam  and  Weinberg’s  well- 
known  result. 

(B)  Jy(x)  =  Qyv(x)CV(x) 

In  this  case  the  assumption  (i)  implies 

Cv(x)  t  0 


3  C  ( x )  ^  0 

y  v 


(1 .2b) 
(7.25) 


*>  I 


With  the  help  of  assumption  (ii)  and  the  condition  (7-24)  , 
basic  equations  (7.12),  (7.15),  (7.16)  and  (7.18)  become 


(7.26) 


(7.27) 


(7.28) 


/  dK2p[ (k2) (d+k2) a 
J  i  y  •  s 


=  0  for  any  i 


(7.29) 


and  equation  (7-13)  is  still  the  same.  The  second  term  in 
equation  (7-27)  depends  on  the  choice  of  the  spacelike 
hypersurface.  There  are,  however,  the  following  cases  in 
which  this  dependence  does  not  appear. 

I.  9^CV  =  9VCM  (symmetrical  case) 

This  case  will  further  be  divided  into  two  cases 


(a)  3ycv  =  gyvC  '  (x) 

(b)  3yCV  =  3y3VC"(x) 


In  case  (b),  we  must  put 


/  dK  k  p:  ;(k  )  =  0  for  any  i 
II.  9yCV  +  9VC^  =  0  ( antisymmetrical  case) 


2.  2  72),  2 


Now  let  us  discuss  the  above  cases  separately. 


... 
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I.  3yCV  =  9VCy 


(a)  3yCV  =  gyVC 1 ( x) 

From  the  condition  (7*25),  we  have 


(7.30) 


C' (x)  /  0 


(7.31) 


and  equation  (7.27)  and  (7.26)  under  the  conditions 
(7.6)  and  (7.31)  give 

pHt*2)  =  0  ,  (7.32) 

p{2'*(k2)  =  bH1(k2)  for  any  i  ,  (7-33) 

(2)  ( 2 ) 
where  3.)  is  a  positive  constant.  Thus,  if  3.)  , 

( 2 ) 

we  see  that  there  exists  a  massless  mode.  When  3.  ^0 

i 

for  a  6^ ,  equations  (7.28)  and  (7.29)  together  with 
(7-33)  become 


(  -(n3)2)C’(x)  =  0  ,  (7.34) 

□  C’(x)  =  o  ,  (7.35) 


respectively.  Hence,  with  assumption  (ii)  we  obtain 

3  3  Cf (x)  =  0  .  (7.36) 

V  v 

Also,  equation  (7-5)  reduces  to 

<[>.  (x),Jy(y)]>0  =  eHV3*D(x-y)Cv(y)  ,  (7.37) 

and  the  surface  integral  of  (7*37)  with  respect  to  y  gives 


■ 


6l 


<[c{)i(x)  ,Q]>o  =  -33 j2  ^  •  C ’  ( x)  t  0  for  3^2)^0  ,  (7.38) 


from  which  it  follows  that 


Q  |  o  >  ^  q  |  o  > 


(7.39) 


Here 


Q  =  /  day(y)J^(y) 


(7.40) 


and  q  is  an  arbitrary  c-number  constant. 

As  an  example,  we  may  take  a  scale  invariant  model 
for  a  real  scalar  field  (Aurilia  et  al.  1971 5  Umezawa 
1974),  whereby  the  current  is  given  by 


J  =  0  •  x 

y  yv 


v 


(7.41) 


where  0,  is  the  energy-stress  tensor  satisfying 


9y0  =  0 

yv 

0^=0 

y 


(7.42) 

(7.43) 


The  commutator 


where 


[H,D]  =  i  |jT  D(^0) 
D  =  /  d^xJQ ( x ) 


(7.44) 


does  not  vanish,  but  since  i  ^  D  is  equal  to  iH,  we 


3_ 

at 


have 


i  ft  D I 0>  =  0  . 


(7.^5) 


. 

. 

. 

. 


■ 
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which  implies  equation  (6.3).  Therefore*  in  this 
system  there  exists  a  Goldstone  boson  for  . 

(b)  3yCV  =  3y3VC"(x) 

Prom  condition  (7.25),  we  have 

CM(x)^0  *  (7.47) 

and  from  (7.46)  we  obtain 

9yCy(x)  =  oC"(x)  *  (7.48) 

n^nv3yCV  -  (n3)2C"(x)  ?  0  .  (7.49) 

Since  n^n^3yCV^0*  in  equation  (7.27)  we  must  put 
/  dK2K2pj2')  (k2)  =  0  *  i.e., 

p|2)(k2)  =  B^2)<5(<2)  for  any  i  ,  (7.50) 

which  implies  that  there  exists  a  massless  mode  if 
3^  Vo.  From  equations  (7.26)  and  (7-50)  with  the 
condition  (7-6)*  we  obtain 

pj^V2)  =  0  for  any  i  .  (7-51) 

By  comparing  equations  (7-32)  and  (7-33)  with  (7-51)  and 
(7-52),  respectively*  we  see  that  both  cases  (a)  and  (b) 
give  the  same  result  concerning  the  spectral  functions. 
Equation  (7.5)  also  reduces  to  the  same  result  as  (7-37) 
but  the  commutator  <  [cfm  (x)  ,Q]>q  is  given  by 


.  '  •  I  .  it 
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II. 


<[<t>1(x),Q]>o  =  -(3{2)  z  3  C  (x)  t  0  for  &(2)/0  ,  (7.52) 

k  1 

which  implies 

Q | o>  /  q | o>  .  (7.53) 


9yCV  +  9VCy  =  0 

In  this  case  we  have,  from  (7.54), 

n  n  9yCV  =  0 
y  v  5 

9  Cy  =  0  , 

from  which  it  follows  that 


( 7  •  51) ) 


(7.55) 

(7.56) 


(7.57) 


Moreover,  from  equations  (7.55),  (7.56)  and  (7.57),  we  see 
that  equations  (7.13),  (7.27),  (7.28)  and  (7.29)  do  not 
yield  information,  but  equation  (7.26) 


(k2) 


k2p^2)(k2) 


(7.58) 


implies  that  we  cannot  conclude  that  there  exists  either 
a  massless  or  massive  mode.  Equation  (7.5)  reduces  to 


< [4>i  ( x )  ,J  (y)]>0=/dK2p  (k2)  (g 


yv<2+ay8v)A(x"y  :l<2)cV(y)  > 

(7.59) 


and  its  surface  integration  with  respect  to  y  gives 
<[<J>1(x)  ,Q]>0  =  -(JdK2p{2)(K2))  l  3^Ck(x)  =  0 

for  pj2)(K2)  t  0  , 


(7.60) 
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on  account  of  (7-57).  This  implies  that  even  if 
p{2)(<2)  =  2)6(k2)  for  sj2)*0 

equation  (7-59)  is  always  satisfied. 

(C)  J  (x)  =  Q  (x)-C(x)  +  Q(x)-C  (x) 

H  r4  H 

We  assume 

C(x)  jt  0 
C  (x)  7*  0 

With  the  help  of  assumption  (ii),  the  basic  equations 
(7.15),  (7.16)  and  (7.18)  become,  respectively, 

/  dK2[p|°')  (k2)  9yC(x)  -  (K2)Cy  (x)]  =  0  , 

/  dK2[K2pT(K2)  +  p^1)(K2)3pCM(x)]  =  0 

/  dK2[pjo)(K2)3p.s3hc(x)  -  p{o)(K2)3y.sC,J(x)]  =  0) 

/  dK2p|o)  (k2)  (o+k2)C(x)  =  0  , 

and  equation  (7.13)  remains  unaltered. 

Let  us  consider  three  cases : 


(a) 

9  C  ( x ) 7^0 
y 

and 

9  C  (x)^0 
y  v 

, 

(b) 

9  C ( x ) =0 

y 

and 

9  C  (x)^0 
y  v 

3 

(c) 

9  C(x)^0 

y 

and 

9  C  ( x ) =0 

U  V 

3 

separately . 

(7.61) 

(7.62) 

7.12)  , 

(7.63) 

(7.64) 
(7-65) 
(7.66) 


4  (  % S  ;  V  .  u  v  ft 
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(a)  3  CVO,  3  C  7*0 

y  5  y  v 

This  case  is  divided  into  two  sub-cases : 

(i)  Cy(x)  /  a3yC(x)  , 

(ii)  Cy(x)  =  a3yC(x)  , 

where  a  is  any  non-zero  c-number  constant. 

(i)  Cy^a3yC 

Prom  equation  (7.63),  together  with  the  condition 
(7*6),  we  have 

/  dK2pi(o)(K2)  =  0 

i.e.  pjo)(K2)  =  0  (7.67) 

/  dK2pj1) (k2)  =  0 

i.e.  p^ (k2)  =  0  ,  (7.68) 

whence  there  is  no  Goldstone  boson.  Equation  (7*5) 
reduces  to 

<[<(».  (x),Jy(y)]>0  =  0  ,  (7-69) 

so  that 

<[<t>1(x),Q]>0  =  0  ,  (7.70) 

and  thus 

Q | o>  =  q | o>  .  ( 7 • 71 ) 


Therefore,  we  see 


that  the  vacuum  is  not  degenerate. 


•• 
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(ii)  Cy  =  aaMC  (Vo) 

From  equation  (7.63),  we  have 

/  dK2[p(o)(K2)  -  ap.(1)(K2)]  =  0  for 


any  i  , 


and  using  (7-72)  in  (7-66),  we  obtain 

2  ( 1  )  p  p 

/  dK  *p;  '(k  )(o+kl)C(x)  =  0  for  any  i 


Hence,  from  equation  (7-73)  and  (7.66),  we  have 

pH }  (<2 )  =  6a>fi(K2-m2)  , 

( o ) /  2  x  O(o)x,  2  2 s 

(k  )  =  3^^  6(k  -m  )  ,  for  any  i  , 


where 


3^°^  =  ,  for  any  i 


and  m  is  given  by  the  relation 


□C  2  f  2sn  n 

=  -m  or  (o+m  )C  =  0 


Therefore,  it  is  concluded  that  there  can  exist 
massless  or  a  massive  mode  if  Equation 

reduces  to 

<[4>1(x)  ,Jy(y)]>0  =  A(x-y  :m2)C(y) 

+  A(x-y :m2) 3pC(y ) }  , 

and  its  surface  integral  with  respect  to  y  gives 


(7.72) 

(7.73) 

(7.74) 

(7.75) 

(7.76) 

(7.77) 

either  a 
(7.5) 

(7-78) 


■ 
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<  [4>1  ( x )  ,Q]>q  =  -3jo)C(x)  t  0  (7-79) 

for  3  ^  t  0  ,  (7.80) 

which  implies  that 

Q | o>  ^  q | o>  .  (7-81) 

Thus,  we  see  that  even  if  we  have  equation  (7-79)  or 
(7-81),  we  cannot  conclude  that  there  exists  a  Goldstone 
boson . 

Now  we  shall  present  three  example  models,  the 
conserved  currents  of  which  take  the  form 

J  (x)  =  Q  (x)C(x)  +  aQ(x ) 3  C(x)  ,  (7-82) 

Hr4  r 

but  have  no  massless  mode. 

(1)  Free  real  scalar  field  b(x) 

The  Lagrangian 

2  9 

L  =  -5g  9yb3  b  +  b  (m^O)  ,  (7-83) 

1“^  ^ 

is  invariant  under  the  transformation 

b(x)+b(x)+mA(x)  ,  (7-84) 

where  A(x)  is  an  arbitrary,  real,  scalar,  c-number 
function  satisfying 

(□+m2)A(x)  =  0 


(7.85) 
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The  conserved  current 

J  (x)  =  b(x)h"A(x)  (7.86) 

r1  M 

gives  the  relation 

<[b(x),Q]>o  =  iA(x)  ^  0  ,  (7-87) 

which  implies  that  we  have 

Q|o>  *  q|o>  ,  (7.88) 

but  also 

□x< [b ( x )  , Q] >  =  -im2A(x)  ^  0  .  (7.89) 

Therefore,  though  (7.88)  holds,  from  (7.89)  it  is  seen 
that  there  exists  no  massless  mode  . 


(2)  Stueckelberg  Field  ( Stueckelberg  1938) 

The  Lagrangian 

2  2 

L  =  -^>3yAV*3  A  +  %-  AyA  -  ^3yb3  b  +  ~  by  with  m/0 

y  v  2  y  y  2 

(7-90) 

is  invariant  under  the  gauge  transformation 


A  (x)  +  A  (x)  +  3  A(x) 

y  y  y 

b(x)  ->  b(x)  +  mA(x) 


(7.9D 


where  A(x)  is  the  same  function  as  in  (1). 


• 
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The  conserved  current 

Vx)  =  (9VAv(x)  +  mb(x)  )1Ta(x)  ,  (7-92) 

gives  the  relations 

< [b ( x ) 5  G] >Q  =  imA(x)  ,  (7-93) 

<[3yA]j(x)  ,G]>q  =  -im2A(x)  ,  (7-94) 

which  imply 

G|o>  ji  g|o>  ,  (7.95) 

where  G  =  /  d3yJQ(y)  .  (7-96) 

However,  since  we  have 

°x<[b(x)  ,G]>q  =  -im3A(x)  ?  0  ,  (7-97) 

°x  [9yAy  (x)  5G]>0  =  im4A(x)  7*  0  ,  (7-98) 


we  conclude  that  there  exists  no  massless  mode.  The 
subsidiary  condition 

(3yA  (x)  +  mb (x) ) | phys>  =  0  for  any  x  ,  (1.99) 

y 

is  used  for  this  system  (Gupta  1951). 

(3)  Massive  Neutral  Vector  Field  (Nakanishi  1976) 

The  Lagrangian 

2  2 

L  =  -h  FyVF  +  —  A  Ay  +  B3yA  +  §-  with  mV  0 
4  yv  2  y  y  2 


(7.100) 


. 


. 


' 
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is  invariant  under  the  gauge  transformation 
Ay(x)  +  Ay(x)  +  8yA(x) 

(7.101) 

B(x)  -►  B(x)  +  m2A(x) 

with  (a+m2) A(x)  =  0  .  (7.102) 

The  conserved  current 

Jp(x)  =  B(x)rA(x)  (7.103) 

gives  the  relation 

< [B(x) j6]>o  =  -im2A(x)  ^  0  (7.104) 

which  implies 

G|o>  t  g | o >  (7.105) 

where  G  =  /  d^yJQ(y)  .  (7.106) 

However,  since  we  have 

□x<[B(x) ,G]>q  =  im^A ( x )  ^  0  ,  (7.107) 

we  conclude  there  exists  no  massless  mode.  The  subsidiary 
condition 

B ^ +  ^ ( x ) | phys >  =  0  for  any  x  ,  (7.108) 


is  used  for  this  system. 
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(b)  9  C ( x ) =0  and  9  C  ^0 
y  y 

Equation  (7.63)  becomes 


/  dK2p{1^ (k2)  =  0  ,  i.e. , 


( i  )  p 

p)  ;(k  )  =  0  for  any  1  , 


(7.109) 


and  (7.64)  with  (7.109)  gives 

f,2(o)/2N  2 

J  dK  p  .  (  k  )  •  k  =0  ,  i  .  e  . 


^^(k2)  =  3f°^6(K2)  for  any  i 


(7.110) 


Equation  (7.110)  implies  that  there  exists  a  massless 
mode  if  3j°^0  .  Equation  (7.5)  reduces  to 


<[cf)i(x)  5Jy(y)  ]>Q  =  9^A(x-y  :m2)C(y ) 


(7.111) 


and  its  surface  integral  with  respect  to  y  gives 


(o) 


(o) 


<[(j).  (x)  ,Q]>  =  -3)  '*C(x)^0  for  31  t  0 


(7.112) 


which  implies 


Q | o>  ^  qQ | o>  .  ( 7 • 113 ) 

(c)  9^0  and  9yCv=0 

This  case  will  be  divided  into  two  sub-cases. 

(i)  Cy^a9yC 

From  equation  (7.63) 5  we  have 

p{o)(k2)  =  0  ,  (7.114) 

=  0  for  any  i  .  (7.115) 


•  ‘ 
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Hence ,  we  have 

< [ 4>1  ( x )  ,Q]>0  =  0  ,  (7.116) 

which  implies 

Q  |  o>  =  q | o>  .  (7.117) 

(ii)  Cy=a8yC 

From  equation  (7.64)  we  have 

(k2)=3^°^6(k2)  for  any  i  ,  (7.118) 

which  implies  that  there  exists  a  massless  mode  if 
.  From  equation  (7*63)  with  (7.118)  we  have 

/  diFp^CK2)  =  6^o)/a  .  (7.119) 

The  surface  integral  of  equation  (7.5)  becomes 

<[<t>1(x),Q]>0  =  -b|o)C(x)^0  for  0  ,  (7.120) 

which  implies 

Q | o>  ^  q | o>  .  ( 7 . 121) 


( 4 )  Summary 

In  the  above  argument,  we  have  shown  that  certain 
conditions  on  the  c-number  functions  appearing  in  conserved 
currents  yield  relationships  among  the  spectral  functions  of 


1 
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<[cj)i(x)  , J  (y )  ]>0  •  This  is  summarized  in  Table  1. 

In  the  case  of  the  local  gauge  transformation 
discussed  in  Chapter  V,  from  equation  (5.^^)  it  follows 
that  equations  (6.2)  and  (6.3)  are  not  satisfied.  Thus, 
in  spite  of  the  existence  of  a  massless  field  B(x),  we 
cannot  conclude,  from  the  discussion  of  the  local  gauge 
transformation,  that  the  vacuum  is  degenerate.  Moreover, 
as  was  shown  by  three  example  models  in  (C-a-ii),  the 
generator  Q  may  involve  a  massive  field.  In  these  cases, 
equation  (6.5)  does  not  always  imply  the  degeneracy  of  the 
vacuum  (see  Table  1). 

The  above  argument  implies  that  the  Goldstone 
theorem  does  not  always  apply  when  conserved  currents  or 
generators  involve  c-number  functions,  and  suggests  that 
the  theorem  must  be  extended  when  conserved  currents 
involve  c-number  functions. 


,  '  ■  ::  . 
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TABLE  1  List  of  Structure  for  Spectral  Functions 


J  (x) 
p 

Conditions  on 
c-number 
functions 

Structure  of 
spectral 
functions 

Value  of 
<[<+>i(x)  ,Q]>q 

Qp(x)-C(x) 

1.3  C(x)H0 

P 

P<o)(k2)=0 

0 

C(x)/0 

II.  C(x)=9=const . 

pj°;(K2)=3[o)6(K2) 

-6^o)-0 

Q^v(x)CV(x) 

I.  3^CV=3VCU 

wiV.A'(«) 

p^1)(k2)=o 

p<2>«2)=b<2L(k2) 

-30{2)C» (x) 

*Cv(x)/0 

Vv(x)/0 

(b)3yCV  =  8y8VC'{x) 

p^ (<2)=0 

P<2>(k2)=8<2)6(k2> 

-ej2)E3kck(x) 

Iv 

1 

f 

■  -  -  — —  .  — —  — — - V 

n.3ycv+3vcy=o 

p'1)«2)=k2p[2)«2) 

| 

0 

Qvj(x)C(x)+Q(x)Cy(x) 

(a)3uC^0,3vCv?S0 

(UC'VaD^C 

p^0)(x2)=p^1)(k2)  -  C 

0 

C  ( x )  ^  0 
|  C  (xj?*0 

(ii)CP=a3yC 

pjo)(K2)  =  3|0)<5(K2-m2) 
(<2>=s{1)5(K2-m2) 

-3(o)C(x) 

i  t 

t 

t 

1 

(b)3vC=0, 

3yV° 

P^o)  (k2)  =  s|°L(k2) 
p^1)(<2)=3 

-e(o)c(x)  [ 

1  i 

1 

< 

.....  .  - « 

(i)CU^a3wC 

pf°)(<2)=p[1)(>:2)=0 

0 

( ii }Cy=a3yC 

P<o)(k2)=b£o)6(k2) 

P*1)(k2)=6{o)/o 

-^o)C(x) 
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APPENDIX  A 


DEFINITION 


( i )  Properties  of  Lorentz  Invariant  Functions 
We  define 


A-function 


-f-oo 


A(x:m2)  =  — o-  /  d4pe(p  )S(p2-m2)e  lpx 
(2ir)A  0 


-.OO 


(A.l) 


A-function  (causal  function) 

r 


-f-00 


.  /  2s  _  -i 

Ap ( x : m  )  =  - 


/  rP 


4  e 


-lpx 


~  TT\  J  "  p  2  2  . 

(  2tt  )  _  m  -p  -is 


(A. 2) 


E- function 


E  ( x )  =  - 


9  a  (  2s 
— o  A (x :m  ) 


3m 


m2  =  0 


or 


+00 

1  r  ,4 


(  2tt )  i 


j-  /  dnpe(po)6’ (p2)e  lpx 


—  OO 


E„- function 
F 


Ep(x)  -  2  up 

3m 


A^ ( x : m2 ) 


m2  =  0 


i  r  .4  e 


-lpx 

- ¥  /  dF  — ^2 - 2 

(2ir)4  (-P'  -ieF 


(A. 3) 


(A. 4) 
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These  functions  have  the  following  properties: 
2  2 

(□+m  ) A ( x : m  )  =  0  , 

(□+m2) Ap(x :m2)  =  -is\x)  , 

□  E(x)  =  D  ( x )  , 

□2E(x)  =  0 
□Ep(x)  =  Dp ( x ) 

□2EF(x)  =  -ifi^Cx) 

where 

D(x)  e  A(x:m2=0)  =  —  (  2tt  )  1e(xQ)6(x2)  , 

Dp ( x )  E  Ap ( x :m2=0 )  , 

and 

A ( 0 , x :m2 )  =  - 6^(x)  , 

A ( 0  5x :m2 )  =  0  , 

•  • 

E(0,x)  =  E(0,x)  =  E(0,x)  =  0  , 

•  ••  ^ 

E  ( 0  ,  x )  =  -6  Ux ) 


(A. 5) 
(A. 6) 
(A. 7) 
(A. 8) 
(A. 9) 
(A. 10) 

(A. 11) 
(A. 12) 

(A. 13) 
(A.  lit) 
(A. 15) 
(A. 16) 


The  properties  for  E(x)  are  seen  in,  for  example, 

(1967)  • 


Lautrap 
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(ii)  Polarization  Vector  for  A  (x) 

y 

When  we  have 


□  A  (x)  =  0 


(A. 17) 


A^(x)  can  be  expressed  in  the  Fourier  transform  as 


Ap(x)  =  1/(2t r)3/2  X  / 


d3k 


X=0  /2|k|  y 


e,U)(k)[a.  (k)e~lkx+h.c.]  (A. 18) 


with  k  =  I k 
o  1  ~ 


where  e^  ^  is  given  by 

(A) 


e (k)  =  0  for  A=l,2,3 


e^o) (k)  =  1 


e  ^ ^ (k)  =  k/k 


o 


(A) 


(k) • k  =  0  for  A  =  1 , 2 


(A. 19) 


The  photons  corresponding  to  A=1  and  2  are  called  transversely 
polarized  and  those  corresponding  to  A  =  3  and  A  =  0  are 
longitudinal  and  scalar  photons,  respectively. 

The  orthogonality  condition  is  given  by 


( A )  .  x  ( A  ? )  ,  v  pv  AA 

e,  (k)e  (k)g  =  g 

[X  ^  V  ~ 


(A. 20) 


and  completeness  of  the  polarization  states  is  expressed  by 


3 

E 


3 


X  ehk)e9'  ^  (k)g,  ,  ,  =  g 
A=0  X'=0  p  ~  V  ~  XA 


yv 


(A. 21) 


, 
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( i i i )  Field  Equations  and  Commutators  for  In-fields  with 

a=0,  M^O,  m^O 

We  have  for  this  case 

Field  equations 

p  in 

{(□+in  )g  -8y8v}uy  (x)  =  0  ,  (A. 22) 


□  Xln(x)  =  D<^n(x)  =  0  , 

8yuin ( x )  =  0 

y 

i  n. 

where  the  field  u  (x)  is  called 

M 

The  Commutation  Relations 
[uyn(x)  ,uyn(y)]  =  -l(gyv+m 
[uyn(x) ,$jn(y)]  =  0 
[uj;n(x),xin(y)]  =  0  , 

[xln(x) ,xln(y ) ]  =  iD(x-y) 
[$^n(x)  ,$^n(y)  ]  =  -iD(x-y) 

[*in(x),xln(y)]  =  o  . 


(A. 23) 
(A. 24) 

the  Proca  field. 

23*3*)A(x-y  :m2)  ,  (A.  25) 

(A. 26) 
(A. 27) 

,  (A. 28) 

,  (A. 29) 


(A. 30) 


. 


APPENDIX  B 


FORMULAE 


_ -?  n  ri 

(i)  Expansion  of  q-number  Function  F’Ee  Fe 


F’Ee  lGFelG  =  F  +  ~[F.G]  +  ~  [[F,G],G] 


+  .  .  . 


or 


=  F  + 


(-i) 

1! 


[G.F]  +  [G,[G.F]]  + 


(B.l) 


•j* 

( i i )  Integral  Representation  of  the  Solutions  for 
Klein-Gordon  Equation 

When  a  function  g(x)  satisfies  the  Klein-Gordon 

Equation 


(□+m2)g(x)  =  0  , 


(B .  2  ) 


g(x)  can  be  written  in  the  integral  representation  as 


g ( x )  =  /  day (z)A(x-z :m2) 3^g(z) 


or 


=  /  d^zA(x-z:m2)3^g(z) 


(B.3) 


where  a  is  an  arbitrary  spacelike  hypersurface. 


(iiif  Identity 

/  da  (x)3  F(x)  -  /  da^(x)3  F(x)  =  0  ,  (B.4) 

a  y  V  a 


The  proofs  for  (ii)  and  (iii)  are  seen  in,  for  example, 
Schwinger  (1948),  Takahashi  (1968). 
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assuming  that 

|x|2F(x)  -»■  0  as  |  x  |  +00  .  (B.5) 

(iv)  List  of  Formulae  for  Integrations  in  Chapter  VII 

The  integrations  in  the  following  are  carried  out 
on  the  flat  spacelike  hypersurface  a  which  is  determined  by 
the  equation 

n^x  +  t  =  0  ,  (B.6) 

y 

where  x  is  a  real  constant  and  n  is  a  timelike  unit  vector 

y 

n  n^  =  1  (B . 7 ) 

r* 

Formulae : 

/  do  A  ( y )  ...  =  /  d\nx6(ny  +  x)...9  (B.8) 

a 

9^f (ny+x )  =  n^  --  f(ny+x)  ,  (B.9) 

or  (n9 )  f  (ny+x )  =  ^f(ny+x)  (Takahashi,  I960)  (B.10) 

(9y  -  n  (n9))f(ny+x)  =  0  .  (B.ll) 

/  do  (y)9*A(x-y)f(y)  =  /  d^yn,  6 (ny+x ) 9*A ( x-y ) f (y ) 
o 

=  nA{nv  ~  I  d^y6 (ny+x )A(x-y )f (y) 

+  /  d^y6 (ny+x ) A (x-y ) 9^f (y ) } 


( B  .  12 ) 


' 


* 


■ 
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/  dax(y)9  9^A(x-y)f(y)  -  nA(n  n  ^-p  j  d^y6 (ny+x ) A (x-y ) f (y ) 
a  K  a  M  v 

+  f?  /  d4y(S(ny+T)A(x-y)(ny9v+nv9ij)f(y) 

,  4 

+  /  d  y6(ny+T)A(x-y)9y9vf(y)}  ,  (B.13) 

d^  r  4 

— P  /  d  y6 (ny+x ) A(x-y )g(y ) 
dr 

=  “  37  /  d^y6 (ny+T ) A(x-y ) (n9)g(y)+  /d4y6 (ny+T ) (n9X) 2 

A (x-y ) g(y ) 

-  (n9X)  /  d^y6 (ny+T ) A(x-y ) (n9)g(y)  ,  (B.14) 

/  da  (y) 9x9xA(x-y) *f  (y) 
a  M 

=  nA  ^  (ny+x ) A ( x-y ) (n^ 9^+n^9^-n^n^ (n9 ) ) f (y ) 

+  nx^nynv  /  d4y8(ny+T) (n9X)2A(x-y)f(y) 

-  nynv(naX)  /  d^y6 (ny+T ) A ( x-y ) (n9)f(y) 

+  /  d^y6 (ny+T )A(x-y ) 9^9^f (y ) }  ,  (B.15) 

~  /  d^y6 (ny+T) (n9x)2A(x-y :K2)g(y) 

=  -  /  d^y8  (ny+T  )  A(x-y  :k2)  {k2  +  9y .  s  9^s  >g(y )  •  (B.16) 

These  formulae  (B.12)  to  (B.l6)  hold  for  any  x. 

/  da  A  (y )  9XA  (x-y )  f  (y )  =  j  d^y6  (ny+T)A(x-y  )f  (y ) 


for  x/a 


(B.17) 
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/  da^ (y ) A ( x-y )  f  (y )  =  n,  /  d  y 6  (ny+x )  A  ( x-y  )  f  (y )  =  0 
a  A 

for  x/a  , 

~  /  d\s  (ny  +  x)  A  (x-y  )g(y) 

=  (n9x)  /  d^y6 (ny+x )A(x-y)g(y )  for  x/a  , 

— p  /  d  y6 (ny+x) A (x-y )g(y ) 

=  -2  /  d^y6(ny+x ) A(x-y ) (n3)g(y)  for  x/a 

/  da  (y)9x9xA(x-y)f(y) 
a  A  y  v 

=  n ,  /  d^y6 (ny+x ) A ( x-y ) (n  9  +n  9  )f(y) 

A  dx  J  J  J  J  y  vs  v  ys  J 

for  x/a  , 


—  /  d^y6 (ny+x) (n9X)2A(x-y)g(y) 

=  /  d\s  (ny+x)  (n9X)  3A(x-y  )g(y)  for  x/a  , 

/  d\s  (ny+x)  (n9X)mA(x-y)  f  (y)  =  0  for  x/a  , 

and  positive  and  even  integer  m  , 

—  /  d^y6 (ny+x) (n9X)mA(x-y )g(y ) 

=  /  d^yA (ny+x ) (n9X)m+1A(x-y )g(y )  for  x/a  and. 


(B.18) 


(B.19) 


(B . 20 ) 


(B . 21 ) 


( B . 22 ) 


(B.23) 


positive  and  even  integer. 


(B.24) 


‘ 


' 


. 
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a  =  {y|ny+T=0} 


and  (B.28)  holds  for  any  y  on  the  hypersurface  a; 
a={x|nx+T=0} 


APPENDIX  C 


DERIVATION 

(i )  Derivation  of  Equation  (4.20) 

We  set 

00 

<[Ay(x)  ,<My)]>0  =  /  dK2p(K2)3^A(x-y  :k2)  ,  (C.l) 

o 

and  differentiate  both  sides  of  (C.l)  with  respect  to  x  , 
by  the  help  of  equation  (4.4)  and  commutator  (2.38).  Then 
we  have 

00 

otMD(x-y)  =  /  dK  2p  (k  2  )k  2A  ( x-y  :k2)  ,  (C.2) 

o 

which  implies 

k2p(k2)  =  aM6 (k  2 )  .  (C.3) 

Therefore,  the  spectral  function  p(k  )  has  neither  a  massive 
pole  nor  a  continuous  spectra.  This  fact  enables  us  to 
rewrite  (C.l)  as 

<[Ay(x),(J)(y)]>0  =  C13yE(x-y)  +  C^DU-y)  ,  (C.4) 

where  C-^  and  C^  are  constant.  In  order  to  determine  the 
coefficients  and  C^,  we  set  y=0,  and  xo=yQ,  then  from 
the  property  of  equal  time  commutator  we  have 

0  =  -C263(x-y)  , 

which  implies  C2  =  0  .  (C.5) 
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'  J 


< 


§7  /  d4y6(ny+x) (n3X)2A(x-y :«2)g(y) 

=  /  d^y  6 ( ny+x ) (n3X)^A( x-y : k 2 ) g( y ) 
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=  -  f?  /  d')y6(ny+T)A(x-y  :K2){K2+3)j.s3^s}g(y) 

for  x/a  , 


/  dax(y) (n3X) 3X9xA(x-y :K2)f (y ) 
a  M 

=  nX  fx  f  d^y6 (ny+T ) A(x-y :k2) {-n  (n3)3 

r  ' 

-  nv(n3)3y  +  nynv(n3)2  +  3y3v 

-  np%(^‘'  +  3p.s3?s)}f(y)  for  x/a 

/  daA (x) (n3 ) XA ( x-y ) 
a 

d  /■  4 

=  -  "A  d?  I  d  x6 (nx+T ) A (x-y )  for  any  x 


/  da^ (x) (n3x) 3XA (x-y )  =  0  for  y/a  , 


/  da, (x) (n3X) 3X3XA(x-y :k^) 


y  v 


2  d 

=  n ,  n  n  k  -t— 
A  y  v  dx 


.  2 

/  d  x6 (nx+x ) A (x-y :k  )  for  any  y  , 


(B.25) 

(B.26) 

(B.27) 

(B.28) 

(B.29) 


the  formulae  (B.17)  to  (B.26)  hold  for  any  x  on  the  hyper¬ 
surface  o ; 


' 


r 


' 
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Next  on  differentiating  (C.4)  with  respect  to  x  ,  we  obtain 

y 

-aMD(x-y)  =  C-^x-y)  , 

from  which  follows 

Cx  =  ~aM  .  (C. 6) 

Thus,  from  (C.4),  (C.5)  and  (C.6),  we  have 

<[Ap(x)  ,4>(y)]>0  =  -aM3*E(x-y)  .  (C.7) 


( ii )  Derivation  of  Equation  (5.8)  from  Equation  (2.7) 

We  shall  show  that  the  current  j  (x)  given  by 

r* 

equation  (2.7)  is  also  written  in  the  form  of  equation  (5*8) 
in  case  of  minimal  interactions. 

Equation  (2.7)  can  be  rewritten  step  by  step  as 

follows : 


3L .  , 

.  y,  \  mt 

J  (x)  -  aFTxT 

y 


^  ^  ^Jint+^matter  ^ 


3A^TxT 


9L 


matter ( h  * (  VleV > ' *i  * (  Vle\ }  } 

~  9 A  (x) 


t 


y 


9L 


9L 

n  r  .  "matter  ,  ,  .  _.t  'matter^ 

?{-ie  yr9~TT"  *1  +  ie(j)i  3TOT7'1 

1  y  i  y  i 


=  l  _  (ie6A<tO  +  (-ie6A*t(x))  — — r-}/6A(x) 

i  1  80/p 

=  rlvrlhr-T  +  «♦!  —1I^t-}/6a(x) 
i  1  1  30  *J) 


Thus,  we  have  arrived  at  equation  (5-8). 


.. 


